Quadratic Forms

October 13, 2025

These notes are based on a course of the same title given by Professor Jack Thorne at Cambridge
during Lent Term 2025. They have been written up by Alexander Shashkov. I have added details
to certain proofs which we did not cover in full, and made a few off-hand remarks. As a result,
there are likely plenty of errors, which are my own.
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1 Introduction

Let k be a field of characteristic not equal to 2. We can develop the theory of quadratic forms in
quadratic 2, but it is a bit more tricky.

Definition 1.1. A quadratic form is a polynomial f(x) = f(21,...,2n) = 321 <; j<, AijTiz;, where

Ay = (Aij) € My« (k) is a symmetric matrix.

a
b
this we can see why characteristic 2 might be a bit weird, as in characteristic 2 we have that 2b = 0.

Example 1.2. If A = i , then the associated quadratic form f is ax? + 2bx22 + cx3. From

Definition 1.3. A quadratic form f is regular is det(Ay) # 0.

1.1 Classical motivation

The classical motivation for studying quadratic forms is that they give the first examples of inter-
esting nonlinear Diophantine equations.

Example 1.4. If A =1, then f = 2% + .- + 22.
A classical question is to characterize f(Z™). If n > 4, then the image is all of Z, otherwise
there are some interesting things going on.

Another motivation is that from geometry, as quadratic forms define projective varieties.

Example 1.5. Let f be a regular quadratic form with associated matrix Ay € M, (k). Define
X C P! to be the vanishing locus of f. As det(Af) # 0 and the characteristic is not 2, Xy is a
nonsingular variety.

An important question is to decide whether X (k) # (. This is especially interesting when k is
an arithmetically interesting field, for example kK = Q or k is a number field. The Hasse-Minkowski
theorem gives an answer to this question.

Definition 1.6. Let k be a number field, and let M}, to be the set of places of k, equivalence classes
of non-trivial valuations on k.

Theorem 1.7 (Hasse-Minkowski). X (k) # 0 if and only if X(ky) # 0 for all v € M.

This is useful because working over a local field is very nice, as we can do analysis (e.g Hensel’s
lemma). Suppose our form has at least 3 variables (in 1 or two variables the question is easy). Then
X¢(ky) # 0 for all but finitely many places. For the places for which this does not hold trivially,
we can use Hensel’s lemma to reduce the question to working over a finite ring.

Corollary 1.8. There’s an easy algorithm to decide if Xy (k) # 0.

This is a very nice property of quadratic forms.

1.2 Modern motivation
We want to study the symmetries of quadratic forms.

Definition 1.9. A quadratic space over k is a pair (V,4) where V is a finite-dimensional vector
space over k and ¢ : V x V — k is a symmetric bilinear form on V.



If we fix a basis b = {e1,...,en} on V, then ¢ has Gram matrix [¢|g = (¢¥(e;,€;))ij € Myxn(k)
symmetric. We define f(x) = (3 x;e;, ) zi€;) to be the quadratic form with Ay = [¢]g. We
sometimes write 1 (v,v) = ¥ (v).

A quadratic space is regular if det[¢)]g # 0. Equivalently, ¢ defines an isomorphism V = V*.

Definition 1.10. Let (V, %) be a regular quadratic space over K. Then we define

O(V) ={g € GL(V)|¥(gv, gw) = (v, w)Vv,w € V'} (11
SO(V)={g € O(V)|detg =1}

[\
~— —

These are abstract groups, but they are also k-points of linear algebraic groups over k. Recall that
a linear algebraic group over k is an affine group variety defined over k, or equivalently, a closed
subgroup scheme of GLy, where V is a finite dimensional k-vector space. Thus we can write

Oy ={g € GLy | Vv,w €V, ¥(gv, gw) = ¥(v,w)}. (1.3)
Even more abstractly we can say that Oy is the group scheme over k representing the functor

k—alg — grp
R+— Oy (R) ={g € Autr(V ®; R) | Vo,w € V & R, ¢¥(gv, gw) = (v, w)} (1.4)

We won’t need this definition or any complicated algebraic geometry, but it is very nice as it allows
us to define Oy (R) for arbitrary k-algebras.

We can similarly define SOy, .
If k is a local field and V is anisotropic, then O(V) is compact.

1.3 What can we do?

Group action. One thing we can do is study the action of SOy on Xy C P(V). This is a
homogeneous space, which is a space with a transitive group action in the sense of algebraic groups.
For our cases, what this means is that the group action is transitive over k algebraically closed.

This puts us in the typical setting of arithmetic geometry, where we first pass to the algebraic
closure, which allows us to forget all the arithmetic of the field and just do geometry, and then
descend back to our base field.

In order to prove the Hasse-Minkowski theorem, we use class field theory and this transitive
group action.

Representation theory. Another thing we can do is study the representation theory of the
group O(V) and see if that tells us anything about the quadratic space. Let f(z) = 22971 4 ¢;229 +
-+ ++cog41 € k[x] be a monic separable polynomial, and let C(f) : 42 = f(z) be the associated smooth
curve over k, and let C'y be the unique smooth projective completion. This is a hyperelliptic curve
of genus g.

From the point of view of algebraic geometry, hyperelliptic curves are in some sense the “simplest”
curves of genus g. The arithmetic of hyperelliptic curves is of interest, and they are connected to
quadratic forms.



Let Jy = Pic’ C + be the Jacobian variety, which is an abelian of dimension g equipped with a
natural embedding Cy < Jy. Then there’s an embedding

Jr(k)/2Jf(k) = (V®¢ V)/SO(V) (1.5)

Here V is the “simplest possible quadratic space of dimension 2g + 1 and d(V) = (—1)9”. This
is given by the matrix with 1s on the anti-diagonal and zeros elsewhere. The tricky piece is that
J¢(k)/2J¢(k) naturally embeds into (W @5 W)/SO(W), where W = H°(X,Ox (D)) is the global
sections of some line bundle, and we need to show that V' is naturally isomorphic to W. We also
need to shows that we can upgrade the embedding into an embedding into Vz ® Vz/SO(Vy).

The group J;(k)/2J;(k) is very nice and appears in other instances, for instance the proof of
the weak Mordell-Weil theorem (cf. elliptic curves). We won’t discuss how this embedding comes
up, but here are some nice applications.

1. Bhargava-Gross used this embedding to calculate the average size of the 2-Selmer group.

2. Poonen-Stoll showed that when k = Q, then 0% of the hyperelliptic curves as defined above
have CJ?(Q) # 0 as g — .

3. Bhargava-Shankar-Wang computed the density of polynomials f(z) € Z[z] monic of degree
2g + 1 such that disc(f) is squarefree. This result was very surprising as it had previously
only been done by assuming that abc-conjecture.

Automorphic forms. Groups like SOy carry interesting automorphic forms, which are roughly
speaking functions on SOy (Ag)/ SOy (k). Recall (we will define all this in more detail later) that

A IT ke (1.6)

vE My

SOy (Ag) is a huge locally compact group, and k embeds diagonally in Ay so SOy (k) maps into
SOy (Ag) by functoriality, and in fact this map is an embedding. Thus we can define the quotient
space.

Automorphic forms are very interesting for a lot of reasons. For instance, they participate in
the #-correspondence, which relates automorphic forms on different groups. This is a generalization
of the classical theory of modular forms and their connection with quadratic forms.

One application is the Smith-Minkowski-Siegel mass formula, which uses the #-correspondence.

Shimura varieties. For certain quadratic spaces V/Q, the group SOy can be used to construct a
Shimura variety (or even a family of Shimura varieties). These are algebraic varieties over number
fields with lots of symmetries which play a very important role in the Langlands correspondence.

A major area of research is developing an “arithmetic” #-correspondence and “arithmetic” Siegel-
Weil formula. Shimura varieties are essential in this.

These Shimura varieties (for appropriate choices of V') can be interpreted as moduli spaces of
polarized K3 surfaces. This has been used to complete the proof of the Tate conjecture over finite
fields for K3 surfaces. The Tate conjecture is one of the most important conjectures about the
cohomology of algebraic varieties. It is as important, and as difficult as the Hodge conjecture, so
its solution is a very big deal.



1.4 Goals for this course

We won’t get into any of the above applications. We’'ll instead study the fundamentals of quadratic
forms and their classification over number fields. Having a firm grasp on these basic topics will
allow one to define Shimura varieties, automorphic forms, and understand the embedding .

We will also study aspects of the integral theory, over Z or Ok the ring of integers of a number
field. This includes things like genus, Spin groups, spinor genus, and strong approximation.

2 Quadratic forms over a field

Let k& be a field of characteristic not equal to 2.

2.1 Basics

Definition 2.1. Two quadratic forms f, g are equivalent if there exists P € GL, (k) such that
A, = P'AsP. This is the same as f and g being related by a linear change of variables given by
P. We write f ~ g or f ~ g if we want to emphasize the isomorphism is defined over k.

If a € k, we say that f represents a if there exists v € k™ \ {0} such that f(v) = a.

If f represents 0, we say that f is isotropic. Otherwise we say that f is anisotropic.

Definition 2.2. A morphism of quadratic spaces a : (V,9) — (V’,4’) is a linear map o : V — V'
such that for all v,w € V, ¢/ (a(v), a(w)) = (v, w).

We say that V, V' are equivalent and write V ~ V' if they are isomorphic.

If a € k, we say that V represents a if there exists v € V \ {0} such that ¢(v,v) = a. V is
isotropic if it represents 0. Otherwise we say that V is anisotropic.

We can pass between quadratic spaces and quadratic forms.

Recall that if we fix a basis B = {ey,...,e,} for V, so an isomorphism V = k™ then f(x) =
(> xie;, Y xie;) is a quadratic form with matrix Ay = [¢9]p. To go the other way, we have the
polarisation identity

Yo, w) = S0+ 0,0+ w) = (0, 0) — Ylw,w))
= S y) — 0~ ) (21)

From this it is clear that characteristic 2 might cause us some problems, as we can pass from
quadratic spaces to quadratic forms, but we cannot go the other way as we cannot divide by 2.

Now, recall that a quadratic form f is regular if det Ay # 0, and a quadratic space (V, 1)) is
regular if det[t)] g # 0. We define the determinant

d(V) = det[]p  mod (k)2 € kX/(k¥)2. (2.2)

So V is regular if and only if d(V) # 0. If V ~ V', then d(V) = d(V') (we sometimes write =
instead of = to emphasize that the equivalence is over k x /(k*)2.

Next we will discuss subspaces. The fact that subspaces of quadratic spaces are very nice is one
of the reasons the coordinate-free point of view is so useful.

Definition 2.3. Let (V%) be a quadratic space, and W C V a k-linear subspace. Then (W, ¢ |w xw



1. We say that W C V is regular if it is regular as a quadratic space.

2. The orthogonal complement of W is

Wt ={weV|vweW, ¢(,w)=0} (2.3)

3. If W/ C V is another subsapce, we say that W, W’ are orthogonal if W C (W)L, if and only
if W' C W, if and only if (W, W') = 0.

Definition 2.4. If (V ), (V’,¢’) are quadratic spaces, then V@ V' = (V& V', ¢ @ ¢') denotes
the orthogonal direct sum. 1 @1’ is the unique quadratic form which makes the natural projection
maps V@V’ =V and V&V’ — V' morphisms of quadratic spaces.

Lemma 2.5. Let V be a regular quadratic space, and W C V' a reqular subspace. Then V =
Wae Wt

Proof. First, we can use that fact that W is regular to check that W N W+ = 0.
Next we can check that V. =W + W+, If v € V, then (v, )|y € W*. Thus as W is regular,
there exists w € W such that ¥ (v, w’) = ¥ (w,w’) for all w' € W. Then v —w € W+. O

Definition 2.6. If A € M, y,(k) is symmetric, then (A) = (k™,v'Aw) is the quadratic space
associated with A (so ¥(v, w) = vt Aw).
In particular, if n = 1, then A =a € k, and (a) = (k, vaw).

Corollary 2.7. If V is reqular quadratic space, then there exists ay,...,a, € k™ such that V ~
() ® - & (an).

What this corollary says is that there is a basis for V' such that the associated Gram matrix is
2

diagonal. The associated quadratic form is then f(x) = a12? + -+ + a,22.
Proof. Induction on n. The base case n = 1 is done as the matrix is already diagonal.

Now for the inductive step. Since V' is regular, there exists v € V such that ¢ (v,v) # 0. Then
kv C V is a one-dimensional regular subspace, so V = (kv) @ (kv)*. Then (kv)t is (n — 1)-
dimensional, so we are done by the induction hypothesis. O

We are going to define some invariants associated with quadratic forms which are quite simple.
But it’s going to be the case that these invariants these invariants completely determine quadratic
forms of rank at most 3. However, if k is a field of low cohomological dimension such as a number
field or a local field, then these invariants characterize quadratic forms of all rank, which allows us
to prove the Hasse-Minkowski theorem.

The following lemma is the first example of the above behavior.

Lemma 2.8. Let V be a reqular quadratic space of dimension 2. The following are equivalent:
(i) d(V)=—1.

(i) V is isotropic.

we-{(t )



Proof. (iii) — (ii): If V = (1) é)

(ii) — (iii): Let v € V' \ {0} be such that ¢(v,v) = 0. Then V is regular, so there exists v € V
such that ¢ (v,w) # 0, and we can rescale so that ¢(v,w) = 1. Then {v,w} is a basis. Also,
Y(v,w~+ A) =1 and Y(w + Av,w + \) = (w,w) + 2\ so we can replace w by w + Av without
changing the property that ¢ (v,w) = 1. So after replacing w by w — %w(w,w)v, we can assume

that ¢ (w,w) =0, 0 [1)] 14w} = <<(1) (1))>
(iii) — (i): det
(i) — (ii): V ~

, then ¥(e1,e1) = 0, so we are done.

0 1

1 0)= T

ay) @ (az) for some ay,as € K. en = ajag = —1 by assumption, so
f k. Then d(V 1b i

(1) (?1> gives that (a1) @ (ag) ~

{a1) ® (—ay). But the associated quadratic form is then ay2? — a123, so (1,1) € (a1) ® (—aq) is an

isotropic vector, so V' is isotropic. O

az = —a; mod (k*)%. Taking change of variables matrix P = (

0 1
10
the hyperbolic plane. The previous lemma shows that H is the unique regular isotropic quadratic
space of rank 2, and the unique regular quadratic space with d(V) = —1. The quadratic form
associated with H is f(x) = 2z1x9, so H represents every element of k.

Definition 2.9. Let H = << >> be the two-dimensional quadratic space define above. H is

The next lemma is very useful, as it shows that any isotropic quadratic space contains a copy
of H.

Lemma 2.10. Let V be a regular quadratic space. The following are equivalent:
(i) V is isotropic.
(ii) There’s an isomorphism V.= H &V’ for some subspace V' C V.

Proof. (ii) — (i) is immediate as H is isotropic.

(i) — (ii): We can find v € V' \ {0} such that ¢(v,v) = 0. As before, we can find w € V such
that ¢(v,w) =1 and ¢ (w, w) = 0. Then v, w are linearly independent and (v, w) C V is a regular
quadratic space congruent to H. Then V ~ H @ H*. O

Corollary 2.11. Let (V,4) be a regular quadratic space and a € k*. The following are equivalent:
(i) V represents a.
(i) V @& (—a) is isotropic.

Proof. (i) — (ii): If ¢(v,v) = a, then (v,1) € V @ (—a) is isotropic.

(ii) — (1): As V @ (—a) is isotropic, we can find v € V, A € k* not both zero such that
¥ (v,v) — A2a = 0 (recall the definition of a quadratic form on the direct sum).

If A # 0, then (A ~!v, A\"1v) = a, so v represents a

If A = 0, then there exists v € V'\ {0} such that ¢(v,v) =0, so V is isotropic. Thus V. =Ha®V’
by Lemma H represents every element of k (see Definition , so we are done. O



Let (V,4) be a regular quadratic space with matrix A,. Recall the definition of the groups
O(V) and SO(V). If g € O(V), then g'A,g = Ay, so det(g)? = 1, so det(g) = £1.

Now, if 1(v,v) ne0, then V = (kv) @ (kv)*. There exists a unique 7y : V — V preserv-
ing this decomposition, such that 7,(v) = —v, and 7,|()+ = idy [(xy)+. This preserves ¢ as
Y(1,(v), 7o(v)) = ¥(—v,—v) = ¥(v,v) and 7, is the identity on (kv)*. Also, detr, = —1, so
Ty € O(V)\ {SO}(V). We call 7, a simple reflection.

Lemma 2.12. Suppose v,w € V, ¥(v) = Y(w) # 0, and (v — w) £ 0. Then Ty—yw(v) = w.

Proof. In general, we have that if z € V and ¢(x) # 0, then we have the reflection formula

2¢(z,y)

W) =y = (2.4)
We have that ¢ (v — w) = ¥ (v) — 2¢(v,w) + Y(w) = 2¢(v) — 2¢ (v, w) = 2¢(v,v — w), so putting
x =v—w and y = v in the above formula gives 7,_,,(v) = w as desired. O

Proposition 2.13. Let V be a regular quadratic space of dimension n > 1.

1. Suppose n > 2. If v,w € V and ¥(v) = Y(w) # 0, then there exist simple reflections
7,7 € O(V) such that 77'(v) = w. In particular, if a € k™, then SO(V) acts transitively on

{veV|y)=a}.
2. O(V) is generated by simple reflections.

Proof.
1. We have that ¢ (v + w) + (v — w) = 2¢p(v) + 2¢p(w) # 0 so either (v + w) or P(v — w) is

nonzero.
First suppose 9(v — w) # 0. Then 7,_,(v) = w. We have that V = kw & (kw)*, and we can
choose u € (kw)* such that 1(u) # 0. Then 7, (w) = w 50 TyTy—w(v) = w.
Next suppose that ¥ (v + w) # 0> Then 744, (v) = —w, Ty (W) = —w, S0 Ty Tyt (V) = W sO We
are done.

2. If n =1, then O(V) = {£1} so we are done. If n > 1, we argue by induction. Choose g € O(V)
and v € V such that ¢(v) # 0. Then ¢(v) = ¥(gv), so by part 1 there exists 7,7/ € O(V)
such that 77'v = gv, so 7/7gv = v. Then 7'7¢g € O(V). We have the direct sum decomposition
V = (kv) @ (kv)*. Since 7/7g € O(V) and 7/7gv = v, we have that 7/7¢g preserves the direct sum
decomposition. Thus (7/7g)|xy)- € O((kv)®).

By induction, there exists wy, ..., w, € (kv)* such that (7'7g)| ()L = Tw, - Tw,. Then we can
consider 7,,, as an element of O(V) which preserves the decomposition V = (kv) @ (kv)* and fixes
v. SO T'7g = Ty, *** Tw, as elements of O(V), so ¢ is the product of simple reflections.

r

O

Theorem 2.14 (Witt’s lemma). Let V' be a reqular quadratic space. Let Wi, Wy C V' be regular
subspaces. Let a : Wi — Wy be an isomorphism of quadratic spaces. Then there exists g € O(V)
such that glw, = a.

The above theorem tells us that the orthogonal group acts transitively on isomorphic subspaces.
The first part of the previous proposition told us that the orthogonal group acts transitively on
vectors of the same nonzero length (one-dimensional regular subspaces), this is a generalization of
that.



Proof. We argue by induction on n = dim Wj. If n = 1, then wy = kv, ¢(v) # 0, and Wa = ka(v),
and ¥ (v) = ¥(a(v)) as a is an isomorphism of quadratic spaces. By the proposition, there exists
g € SO(V) such that g(v) = a(v), so we are done.

If n > 1, choose a decomposition Wy = U @ U’, where dim U, dim U’ > 1. Consider «|y : U —
a(U). By induction, we can find g € O(V) such that 8|y = av.

We now consider 371 oa : Wy — V. We have that (37! oa)|y =id |y. Therefore 371 o a sends
U =U+NW;) = U+ CV as 37! oa preserves 1.

By the induction hypothesis applied to U’ C U+, and (87! o )|y, we can find 8’ € O(U™)
such that 3’ = 7! o aly/. We extend 3’ to an element of O(V) in the unique way such that 3’
preserves the decomposition V = U @ U+ and 8’|y = idy (in matrix form this looks like a block
diagonal with 8’ in the first block and the identity in the second block).

Thus we have that 37! o aly = idy and 87! o a|yr = B'|yr. Then Bo B € O(V), and
BB\l = aly. Also, as B/ = (8~ o a)|yr and U’ = U+ N Wy, we have that

BB v = BB aluralur. (2.5)
As W1 = U @ Uy, we have that 85'|lw, = o|w, as desired. O

Corollary 2.15 (Witt’s cancellation theorem). If V, V', V" are regular quadratic spaces and
VoV ~V' eV, then V ~ V',

Proof. Let Vo V" ~ V' @ V" ~ W. Let Wi, W5 denote the images of the two copies of V" in W
for V@ V" and V' @ V", respectively. Then there is an isomorphism « : W; — W, so by Witt’s
lemma there is g € O(V') such that g|lw, = a. Then g|y : V. — W has image V', so V ~ V.

This is confusing but the point is you have an isomorphism between the two copies of V") which
extends to an isomorphism of the entire quadratic space by Witt’s lemma, and this isomorphism
restricts to an isomorphism from V — V. O

Recall the definition of the hyperbolic plane Definition [2.9]

Corollary 2.16. IfV is a regular quadratic space, then there exists an anisotropic quadratic space
V" and an v > 0 such that V ~ V' @ H". Moreover, the isomorphism class of V' and the integer r
are determined uniquely by V.

Proof. Such a decomposition exists because if V' is isotropic then V ~ V' & H, and we can keep
splitting off copies of H until we get something anisotropic.

IfV'®oH" ~ V"®H? are two different decompositions, then WLOG r > s. Then V'®H" % ~ V"
by Corollary so r = s because V" is anisotropic, so V' ~ V", O

Definition 2.17. The Witt group of k, denoted W (k), is the we set of equivalence classes [V] of
regular quadratic spaces over k, where [V] = [V'] if and only if there exists r,s > 0 such that
VeoH ~V'®H".

The group operation is defined by [V]+ [V'] = [V @ V']. We have that —[V] = [(—1) ®; V]. To
see this, let e1,...,e, be a basis for V, and 1 ®ey,...,1 ® e, be a basis for (—1) ®; V. Then the
span of e;, 1 ®e; is two dimensional and isotropic, hence isomorphic to H, so [V]—[V] = [H"] = [0].

e The Witt group is functorial in & : if K/k is a field extension then there is a morphism

W (k) — W(K)
V] [V @5 K] (2.6)



e We can additionally endow the Witt group with a ring structure using the tensor product.

e By Corollary there is a unique anisotropic representative of each equivalence class [V] €
W (k). Thus describing the elements of the Witt group is the same as classifying the quadratic
forms over k, and this is a decent approach.

However, the Witt group is not well-suited to proving the Hasse-Minkowski theorem, as it is
hard to apply class field theory. Instead, we use the Clifford invariant, defined in the next section.

2.2 Clifford Algebra

We first make precise the notion of a k-algebra.

Definition 2.18. A k-algebra A is a k-vector space (A,+,04) together with a k-bilinear form
x:AXxA— Aand 14 € A such that for alla € A 14 xa =a x 14 = a and for all a,b,c € A,
ax (bxc)=(axb)xec.

We do not assume that algebras are commutative!

Example 2.19. M, (k) is a k-algebra for any n > 1. It is a finite k-algebra, as dimy A < .

Example 2.20. If X;,..., X, are symbols, the free k-algebra k{X1,..., X,,} has k-basis the set of
all monomials {X;, --- X, }. Since we do not assume commutativity we have that X, X; # X;X;
for i # j. This k-algebra is not finite.

We can also define the free k-algebra without using coordinates, using the tensor algebra

Definition 2.21. Let V be a k-vector space. The tensor algebra is

(V)= P vem (2.7)

m>0

with multiplication given by concatenation of tensors. If x1,...,x, is a k-basis of V, then T'(V') =
E{x1,...,zn}.
T (V') has the following universal property: if A is a k-alg, then there is a canonical isomorphism

Homy,_aig(T(V), A) = Hom(V; A) (2.8)

Remark 2.22 (Ignore). T(V) is a representation (?) of the adjunct of the forgetful functor from
k-algebras to k-vector spaces.

Definition 2.23. A 2-sided ideal I C A is a k-linear subspace such that for all a € A, al C I and
laC 1.
If I C A is two sided, then A/I can be given the structure of a k-algebra.

Definition 2.24. If A has no proper 2-sided ideals, then A is simple.
Example 2.25. M, (k) is a simple k-algebra

Definition 2.26. Let a,b € k*. Then a quaternion algebra over k is a k-algebra of the form

(a,b)r = k{i,j}/(i* —a,j* — b,ij + ji). (2.9)
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Lemma 2.27.
1. (a,b)y is a simple k-algebra with basis {1,1i,j,k =ij}.
2. (a?,—a®), = My(k).

Remark 2.28.

1. It is unfortunate that we use the symbol & for a standard basis element of quaternion algebras
and for our base field.

2. (=1,—1)r = H is the algebra of Hamiltonian quaternions.

3. Class field theory gives a classification of quaternion algebras over K a number field.
Proof. 1,1,7,ij span (a,b) as a k-vector space, so (a,b); has dimension at most 4.
2. Let A = (“ 0> and B = (0 a). Then A2 = o2, B? = —a?I, AB = (02 a2> and
0 —a —a 0 a® 0
BA = —AB. Thus i — A and j — B gives a map (i,j) — Msy(k). By the universal property of
tensor algebras, this extends to a map @k{i, j} — Mo (k) which is in fact surjective (as A%, A, B, AB
form a basis for My (k)). Now, as A% = a?I and B? = —a?I and AB = —BA, ker ¢ contains
(i? —a?, j? 4+ a?,ij+ ji. Thus ¢ descends to a surjection ¢ : (a?, —a?); — Mz (k). But as (a2, —a?)y
has dimension at most 4 and Mas(k) has dimension 4, ¢ is an isomorphism.
1. Let E/kz be an algebraic closure. Then a,—b are squares in k. If @ = ¢ and —b = d? in
As (a,b); is spanned by {i,j}, replacing j by dj/c we get that (a,b); = (a,—a);. But (a,—a);
(c?,—c*) = My (k) by part 1. So (a,b), @k k = (a,b)r = (a, —a)z = Ma(k). Then dimy(a,b)y =
If I C (a,b)y is a 2-sided ideal, then I @y k C (a,b)z = Ma(k) is a 2-sided ideal, so I @y k =
or I ® k = (a,b)g, so I =0or I = (a,b)g, so (a,b) is simple.

k.

O o

Definition 2.29. Let V be a quadratic space. The Clifford algebra C(V) is
CV)=TV)/(w?* =(v,v) |veV). (2.10)
The Clifford algebra has the following universal property: if A is a k-algebra, then
Homy_a1g(C(V), A) = {a € Hom(V, A) | Vv € V, a(v)? = (v, v)} (2.11)
C(V) has a Z/2Z-grading, inherited from the Z-grading of T'(V): we have that C(V) = Co(V)®
C1(V), where Co(V) = Span (v ---vam, | v; € V,m > 0) and C1(V) = Spany(v1 -+ - Vom+1 | v5 €
V,m 2 O) We have CO . Co Q C(), C() . Cl Q Cl, and Cl . Cl Q C().

We have a natural embedding V' — C(V') induced by the natural embedding V' — T'(V), so
any v € V can be considered as an element of C(V).

Lemma 2.30.

1. For allv,w € V, vw + wv = 29 (v, w).
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2. If vi,...,v, is a k-basis of V, then
(v v, |G < o < im, m >0} (2.12)
spans C(V'), so dimC(V) < 2™.

Proof.

1. For all v,w € V, in C(V) we have that (v + w)? = (v + w,v +w) = P(v) + Y (w) + 2¢(v, w),
and (v +w)? = v? +vw + wv + w? = PY(v) + Y(w) + vw + wo, so 29 (v, w) = Vw + wo.
2. Let W = Span,{v;, ---v;,, | i1 < -+ <im} CC(V).

We claim that for any monomial we have that v;, ---v;, € W. We show the claim by induction
onr > 0. If r =0 we are done.

In general, take v;, ---v;, € C(V) to be any monomial. Then v;, - v;;,, = —vi;,, - v, =
2 (i, vi,,,). So

Viy t Vi, = Vg Vi, Vv, mod W (2.13)
by induction, so we can assume that 41 < --- <4,. But if i; = i;41, v?j = P(vi;), 80 vy, - vy =
Y(vi; )V, -+ Vi, Vi, - Vi, Then we are done by the induction hypothesis. O

Definition 2.31. Let A, B be Z/2Z-graded k-algebras. Then the graded tensor product A& B is
the Z/2Z-graded k-algebra with underlying vector space A ®; B and rth graded part

(A@yB), = P A; @ B;. (2.14)
i+j=r
Multiplication is given by the unique k-bilinear operation satisfying
(z ®bj)(a; ®y) = (=1)7 (za;) @ (bjy) (2.15)

forx € A,y € B, a; € A;, b; € Bj. We can check that this gives a graded k-algebra.

The graded tensor product has the following universal property: Let C be a Z/2Z-graded k-
algebra and f4 : A — C and fg : B — C be graded homomorphisms such that for all a; € A;,
b; € B; we have that fa(a;)fs(b;) = (—=1)” fg(bj)fa(a;). Then there exists a unique graded
homomorphism f : A®,B — C such that for all @ € A, f(a ® 1) = fa(a) and for all b € B,
f0@b) = fa(0).

Example 2.32. Let a,b € k*. If we consider k[z]/(z? — a) and k[y]/(y?> — b) as k-algebras with
the standard grading degx = 1 and degy = 1, then we have that

(a,b)r = klz]/(2® — a)@ukly]/(y* — b). (2.16)

Note that if we instead take the ordinary tensor product k[z]/(x? — a) @ k[y]/(y* — b), we get
a commutative ring (which will be a field if a and b are in distinct classes of k* /(k*)?).

The Clifford algebra has the following nice decomposition property.
Proposition 2.33. If V=U @ W, the C(V) = C(U)®xC(W) as Z/2Z-graded algebras.
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Proof. We first want to construct a map C(V) — C(U)®,C(W). By the universal property of
Clifford algebras it suffices t construct a map V — C(U)&,C(W) such that a(v)? = ¥ (v). Let
v=(u,w) €V =U@®W. Then sending (u,w) — u® 1+ 1 ® w, we have that
wel+leow?=u!0l4+u®w-—u®w+ 1 w?

=uv’®l+louw?

= (¥(u) +¥(w))(1e1)

= ¥(u) + ¢ (w)

— 4(v) (2.17)

so we are all good (1 ® 1 is the unit in C(U)®;C (W) so we can drop it by abuse of notation).
Thus by the universal property of Clifford algebras we get a map

g:C(V) = C(U)&RC(W). (2.18)

Next we want to construct the inverse map C(U)®,C(W) — C(V). By the universal property
of the graded tensor product it suffices to give fy : C(U) — C(V) and fw : C(W) — C(V) such
that for all u € C;(U), w € Cj(w),

Jo(u) fw(w) = (=1)" fw (w) fu (u). (2.19)

The maps fy and fy are the obvious ones induces by the inclusions U — V — C(V) and W —
V — C(V). Consider u = u1 ---u; € C;(U) and w = wy ---w; € Cj(W) where up, € U, w, € W.
By Lemma we have that

UpWy + WeUp = Zw(uk,wg) =0 (2.20)
as V =U @ W so u; and wy are orthogonal. Thus uipwy = —wpug, SO

fU(U)fW(w) = Uy UW W

— (_l)zjwl .. .wjul s Uy

= (=1)" fw (w) fu () (2.21)
as desired. Thus by the universal property of the graded tensor product we get a map
f:C(U)@rC(W) — C(V). (2.22)

We can check that these maps are inverses of each other. First, if vy ---v,, € C(V), we have that

foglvr--v)=f(L1 @1 +1Qw1) - (up @1+ 1R wy,))
vy, (2.23)
Next, if wy -+ up @ wy - wyy, € C(U)@rC(W), we have that
gof(ul...un®w1...wm)
=gof((ti®1) (up @A @w1) - (1 wp))
:g(ul...un...wl...wm)

=UL Uy QWL Wy (2.24)
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Corollary 2.34. dimy, C(V) = 28=«(V) Ify, ... v, is a k-basis for V, then {v;, ---v;, |1 <y <
< < <n} is a k-basis for C(V).

Proof. We have V = (a1) @ -+ @ {(a,,), a; € k. Then C(V) = C((a1))®y, - - - @C({ay,)). Also, we
have that C'((a)) = T(k)/(v? — ¢¥(v)) = k[z]/(2? — a) is 2-dimensional. The result follows from
Lemma 2301 O

Example 2.35. Let V = (a) ¢ (b) = (a,b) with a,b € k*. We have that {a) is spanned by z
with ¥(x) = a, and (b) is spanned by y with 1 (y) = b. So in C(V) we have that 2% = a, y*> = b,
xy + yxr = 2¢(z,y) = 0, so zy = —yx. Thus C(V) has basis 1,z,y,zy, and C(V) = (a,b); as
k-algebras.

Example 2.36. Let V = (a, b, ¢), spanned by z,y, z. We have that C(V) = Co(V)DC1 (V). Co(V)

is spanned by 1,7y,yz,2z. We have that (vy)? = xyzry = —2?y?> = —ab. Similar computations
show that Co(V) = (—ab, —bc)y.
For Cy, we have that (zyz)? = —abe, and z(zyz) = (ryz)z and so on. It follows that zyz is in

the center of C(V'), so the center is nontrivial (so C(V') is not central). So we get a map
Co(V)@rk[a]/(a® 4+ abe) — C(V)
o= Yz (2.25)

This map is an isomorphism for dimension reasons.

2.3 The Brauer group and the Clifford invariant

We have constructed the Clifford algebra and shown that it has some nice properties. Similar to
how regular quadratic spaces live inside the Witt group, we want our Clifford algebra to live inside
some nice group. This is the Brauer group, although we need to do some work to make this precise.
First we introduce the notion of a central simple algebra.

Definition 2.37. Let A be a k-algebra. Then A is a central simple k-algebra (CSA) if it is simple
and the center Z4 = k is trivial.
If A®, K = M, (K) for some field extension K/k, then we say that A is split over K.

Proposition 2.38. Let A be a finite k-algebra. The following are equivalent:
(i) Ais a CSA.
(ii) For some n > 1, there is an isomorphism A @y k = M, (k) as k-algebras.
Proof. Omitted. O

Example 2.39. M, (k) is a CSA split over k
The quaternion algebras (a,b); are CSAs (see the proof of Lemma , but not necessarily
split over k.

Definition 2.40. Let A be a k-algebra. The opposite algebra A°P is equivalent to A as a vector
space, with multiplication given by a X,, b =b x a.

Proposition 2.41.
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1. If A, B are CSAs over k, then A®y B is a CSA.
2. If A is a CSA, then A ®; A°P is split.

Proof.
1. We can pass to the algebraic closure and assume that A = M, (k), B = M,,(k). We want to
show that M, (k) @k M, (k) = M, (k).
We use the map
M, (k) @k My (k) — Endg (Myscm (k) & My (k)
a®bs (x> ax(d')). (2.26)

2. We use the map
A®y A°® — Endi(A)
a®b— (x+— azxb) (2.27)
O

Definition 2.42. The Brauer group Br(k) is the group of equivalence classes [A] of CSAs A over
k, where [A] = [B] if any of the equivalent conditions are satisfied:

(i) There exists 7,5 > 1 such that M,(A) = M,(B) as k-algebras. We have that M,(A4) =
M, (k) @ A.

(ii) A ®j B°P is split.

(iii) There exists a division CSA D over k (an algebra D is a division algebra if for every d € D\{0},
there exists e € D such that de = ed = 1p) and r,s > 1 such that A = M, (D), B = M,(D),
so that [A] = [B] = [D]. The division algebra D is a canonical representative for the class.

The group operation in the Brauer group is [A] + [B] = [A ® B]. From this it is clear that the
identity element is [k], and by Proposition we have that —[A] = [A°P].

We would like the Clifford algebra to lie in the Brauer group, but Example shows that this
is not always true. However, Example [2.36] does show that if V' is a 3-dimensional quadratic space,
then Cy(V) is a CSA. The following proposition generalizes this example.

Proposition 2.43. Let V be a reqular quadratic space. Then

1. If dim V' is even, then C(V) is a CSA, isomorphic to the tensor product of quaternion
algebras.

2. If dimy V is odd, then Cy(V') is a CSA, isomorphic to the product of quaternion algebras.

Proof. dim V =1 is trivial as Cy(V) = k, and we’ve done dimensions 2 and 3 in Examples m

and [2.36] respectively.
In the general case, we argue by induction. Let dimy V' > 3, and choose a decomposition

V =U@W, where diimU = 3. Then C(V) = C(U)®xC(W), and C(U) = Ay@ik(z]/(x? + d(U))
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(see Example [2.36) where Ay = Co(U) with the trivial grading (everything has degree 0). In
particular, Ay is a quaternion algebra. So

C(V) = Ap@rC((—d(U)))@xC(W)
= Ay&rC(W @ (—d(U))). (2.28)

and W & (—d(U)) is a quadratic space of dimension dimV — 2.

If dimV is even, then C(V) & Ay @ C(W @ (—d(U))) as k-algebras. This is because we can
forget about the grading, as the trivial grading of Ay; means that the graded tensor product is the
same as the ordinary tensor product. Ay is a CSA as it is a quaternion algebra, and by induction
C(W @ (—d(U))) is a CSA, so C(V) is a CSA by Proposition [2.41]

If dimV is odd, then we similarly have that Co(V) = Ay @ Co(W @ (—d(U))) as k-algebras,
so Co(V) is a CSA by induction and Proposition [2.41] O

Thus to any regular quadratic space V' we can associate a CSA, which we define below as the
Clifford invariant.

Definition 2.44. Let V be a regular quadratic space. The Clifford invariant ¢(V') € Br(k) is

(V) = {[C(V)] dTmV ?s even (2.20)
[Co(V)] dimV is odd
The Clifford invariant is very useful when proving the Hasse-Minkowski theorem, as the Brauer
group plays very nicely with class field theory. This is not true of the Witt invariant (the class
of V in the Witt group), which is why we have put in the extra effort to define the slightly more
confusing Clifford invariant.

Lemma 2.45. ¢(V) = ¢(V & H), where H is the hyperbolic plane (cf. Definition .

Proof. This proof was left as an exercise so I'm not sure it is entirely correct.

We have that C(V & H) = C(V)&,C(H) by Proposition We also have H = (1) & (—1) by
Lemma [2.8 and so C(H) = (1,—1); by Example 2.35

Let A be any finite Z/2Z-graded k-algebra. We claim that A®g(1,—1); = A ®;, (1,—1); as
graded k-algebras. We have a morphism fg : (1,—1)r = A ® (1,—1)x given by v — 1 ® v, and a
morphism f4 : A = A®y (1, —1) given by ag — ag® 1 and a1 — a1 @ zy for ag € Ag and a; € A;.
We can verify that f4 and fp satisfy the conditions for the universal property of the graded tensor
product (cf. Definition , so we obtain a morphism f : A®x(1,—1); — A ®j (1, —1)g. We can
verify that f is surjective, and since A®y(1,—1); and A ®j, (1,—1), are finite dimensional vector
spaces of the same dimension, f is an isomorphism. This proves the claim.

Thus we have that C(V @ H) = C(V) ®; C(H) as graded k-algebras.

If dimV is even, then ¢(V) = [C(V)] and ¢(V @ H) = [C(V @ H)] = [C(V) @, C(H)] =
[C(V)]+ [C(H)]. But C(H) = (1,—1); & Ms(k), so [C(H)] = [k] =0, s0 ¢(V) =c(V @ H).

Now suppose dimV = 1, so that V = (a). We have that ¢(V) = [k] = 0. We have that
H = (a)®(~a), so V&H = (a)®{a)®(—a), so c((VBH) = [Co(VEH)] = [(a®, —a®)i] = [M2(k)] = 0
by Example 2:36] and Lemma [2.27]

Now suppose that dimV' > 3 is odd. As in the proof of Proposition [2.43] we write V =U & W
where dimU = 3. Then Cy(V) = Ay Q@ Co(W @ (—d(U))), and C1(V) = Ay @ C1(W @& (—=d(U)))
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where Ay = Cy(U) with the trivial grading. As C(V @& H) = C(V) ®; C(H), we have that
Co(Vae H)=(Co(V) @, Co(H)) ® (C1(V) ®, C1(H)). Thus we have that
Co(V & H) = (Co(V) @1 Co(H)) & (C1(V) @ C1(H))
= (Ay @ Co(W & (=d(U)) @k Co(H)) & (Ay @1 CL(W @ (=d(U)) @ C1(H))
= Av @, ((Co(W & (=d(U)) @1 Co(H)) & (CL(W & (—d(U)) @, C1(H)))
= Ay @1 Co(W @ (=d(U)) ® H) (2.30)

)
soc(VoH)=[Ayl+c(W e (=dU)) ® H). As W & (—d(U)
dim V' — 2, by induction we have that ¢(W @ (=d(U)) @ H) = ¢

) is a quadratic space of dimension
(W@ (—d(U))). We then have that

(Ve H)=[Au]+c(W e (-dU)))
= [Au] + [Co(W @ (=d(U)))]
= [Au @, Co(W & (=d(U)))]
= [Co(V)]
=c(V) (2.31)
as desired. 0

The previous lemma shows that ¢ factors through a map W (k) — Br(k), but this is not a group
homomorphism in general (c is a map from the set of regular quadratic spaces to Br(k)).

2.4 Quaternion arithmetic

In order to complete the classification of quadratic forms of rank at most 3 in the next section,
we will exploit the fact that low rank quadratic forms are connected to quaternion algebras. This
requires a couple lemmas.

Lemma 2.46. Let a,b € k*, and let A= (a,b)y. Then A=k ® P, where
P={0}u{ac A\k|a?ck} (2.32)
Proof. Let (a,b);, be spanned by 1, x,y, zy with 22 = a and y? = b. We need to check that P is the
k-span of x,y,ry. Let a = k + Ax + py + vry. We have that
(k + X+ py + voy)? = &2+ XN2a + p?b — v2ab + vy — \vxy + way — dvay + pvyzy — pryzy
+ 2k(A\x + py + vay)
= k% + N2a + p?b — viab + 2s(\x + py + vay). (2.33)
Thus o? € k if and only if a € k or a € P. Thus P = Spany(z,y, ry). O

P is the “subspace of Pure quaternions”
Corollary 2.47. If V is a regular quadratic space, then ¢(V) € Br(k)[2].

Proof. We showed that the ¢(V) is the tensor product of quaternion algebras in Proposition So
if we want to show that ¢(V') € Br(k)[2], it suffices to show that if A = (a,b);, then [A] € Br(k)[2].
We have that A = k@ P. Define f : A — A by f(\, u) = (A, —p). This is a k-linear isomorphism,
but not a k-algebra isomorphism as we have that f(zy) = —xy = yz = f(y)f(x). In fact, it is a
k-algebra isomorphism f : A — A°. Thus [A] = [A°P] = —[A], so [A] € Br(k)[2]. O
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Lemma 2.48. Let a,b,c,d € k*. The following are equivalent:
(i) (a,b)r = (¢,d)i as k-algebras.
(ii) {(a,b,—ab) = (c,d,—cd) as quadratic spaces.

(iii) (1,—a, —b,ab) = (1,—c,—d,cd) as quadratic spaces.

Proof. (ii) <= (iii): We have that (a, b, —ab) = (¢,d—cd) if and only if (—a, —b, ab) = (—c, —d, cd)
if and only if (1, —a, —b,ab) = (1, —¢, —d, cd) by Witt’s cancellation theorem Corollary

(i) — (ii): We have that (a,b)y =k @® P and (¢,d)r, = k& P’. As (a,b)r = (¢,d) we have that
P = P'. Now, P and P’ have a quadratic form defined by f : o — a?. As P = P’ as k-algebras,
we also have that P ~ P’ as quadratic spaces.

The quadratic form f induces the symmetric bilinear form

1

¥(a,B) = 5(f(a+8) = fla) - (8))

= %(ag + Ba). (2.34)

If P = Spany,(z,y, zy) with 22 = a and y? = b, then we have that z,y, 2y are mutually orthogonal
under ¢, so (a,b, —ab) ~ P ~ P' ~ {(¢,d, —cd).

(ii) — (i): We are given an isomorphism ¢g : P — P’ of quadratic spaces where P, P’ are
equipped with the quadratic form ¢ define above. Set X = g(x), Y = g(y). Then X2 = 2% = q,
Y2 =y? =b,and as XY +YX = 2¢(X,Y) = 2¢(z,y) = 0. Thus X,Y satisfy the quaternion
relations for (a,b)y, so we obtain an induced k-algebra homomorphism § : (a,b)r — (¢, d)i. As g is
an isomorphism (injective, surjective), § must be as well. O

Corollary 2.49. Let a,b € k*. The following are equivalent:
(i) (a,b) = (—1,1); = My(k).
(ii) {(a,b, —ab) is isotropic.

(11i) b € im(N : k(y/a)* — kX).

Proof. (i) — (ii): If (a,b)r = (1,—1)j, then (a,b,—ab) = (1,—1,1) by Lemma [2.48 which is
isotropic.

(i) — (i): If P = (a, b, —ab) is isotropic, then H C P by Lemma [2.10} so P ~ (1,—1,—d(V)) ~
(1,-1,1), so (a,b)y = (1,—1); by Lemma[2.48

(ii) <= (iii): We have that (a,b, —ab) is isotropic if and only if ((ab)a, (ab)b, (ab)(—ab)) ~
{a,b,—1) is isotropic. Now, (a,b, —1) is isotropic if and only if az? + by? — 22 = 0 has a nontrivial
solution, if and only if by? = 22 — az? has a nontrivial solution. Let (z,y, z) be such a solution.
If y = 0, then a € (kX)2. If y # 0, then we can divide to get a solution to b = 22 — az?. Thus
by? = 22 — az? has a nontrivial solution if and only if @ € (k*)? or b = 22 — az? has a nontrivial
solution.

If a € (k*)?, then k(y/a) = k, so N : k* — k* is just the identity, so b € im N. If a ¢ (k*)?
and b = 22 — a2? has a nontrivial solution, then k(,/a) is a quadratic extension and N (z + x\/a) =
(z + 2v/a)(z — xy/a) = 22 — ax?.

Likewise, if b € im N, then either a € (k*)? or b= N(z + z+/a).
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2.5 Low rank quadratic forms

We are now ready to complete the classification of quadratic forms or rank at most 3 using the
determinant and Clifford invariant. We also classify isotropic quadratic forms of rank at most 4.

Theorem 2.50. Let V., V' be reqular quadratic spaces of dimension n with 1 < n < 3. The
following are equivalent:

() V.~V
(it) d(V)=d(V’) and (V) = ¢(V').

Proof. (i) — (ii): done.

(ii) —=(@{): If n =1, then V = (d(V)), so we are done.

If n =2, then V = (a,b) and V' = (¢,d). We have that ¢(V) = [(a,b)x] = ¢(V') = [(¢,d)]-
Now, as (a,b) is either a division algebra or split, we have that [(a,b)r] = [(c,d)x] implies that
(a,b)r = (c,d)i (see Definition [2.42). Thus (a,b, —ab) ~ (c,d, —cd) by Lemma 2.48 As d(V) =
ab = cd = d(V'), we have that (a,b, —ab) ~ (c,d, —ab), so {(a,b) ~ {(c,d) by Witt’s cancellation
theorem (Corollary 2:15).

If n =3, then V = (a,b,¢) and V' = (d,e, f). Then ¢(V) = [(—ab, —bc)x] and (V') =
[(—de, —ef)i] by Example Then arguing as in the n = 2 case we have that (—ab, —bc, —ac) ~
(—de,—ef,—df). We also have —d(V) = —abc = —def = —d(V'). Thus we have that

~ V' (2.35)
as desired. O
Remark 2.51.
1. The previous result holds for n > 3 if k is a local field, which we prove in Theorem

2. The regular quadratic spaces of rank n are classified by H!(k, O, ) where O,, is the orthogonal
group associated with a quadratic space of rank n.

3. The central simple algebras of rank n? are classified by H!(k, PGL,,).

4. The reason the above argument works is that there is an exceptional isomorphism SOz =
PGLs, which is why the Clifford invariant is related to quadratic spaces in low dimension.

We now classify isotropic quadratic spaces of rank at most 4. This can be seen as a low rank
version of the Hasse-Minkowski theorem.

Theorem 2.52. Let V' be a regular quadratic space of rank n. Then
1. If n =2, then V is isotropic if and only if d(V) = —1.
2. If n =3, then V is isotropic if and only if ¢(V) = [k] = 0.
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3. If n =4, then V is isotropic if and only if ¢(Vk) = [K] =0 in Br(K), where K = k(,/d(V))
and Vi =V @ K.

Proof.
1. This is Lemma 2.8

2. Assume n = 3 and suppose that V is isotropic. Then V = (1,—1,—d(V)) because H C V by
Lemma We have that ¢(V) = [(1,—d(V)),] by Example 2.36 and (1, —d(V)), = Ma(k) by
Corollary so ¢(V) = [Ma(k)] = [K].

Now suppose that V' = (a,b,c) and ¢(V) = [(—ab, —bc)i] = [k], so that (—ab, —bc)y is split.
Then (—ab, —be)r = (—1,1)k, so comparing pure quaternions gives (—ab, —bc, —ac) ~ 1,—1,1).
Multiplying through by —abc gives (a, b, c) ~ (—abe, abc, —abc), which is isotropic.

3. First assume that d(V) =1 mod (k*)2, so K = k(1/d(V)) = k.

Suppose V is isotropic, then H C V so V ~ (1,—1,a,—a) for some a € k*,s0 V ~ H® H, and
c(V) = [k] by Lemma [2.45]

Now suppose V' = (a,b,¢,d) and ¢(V') = [k] is trivial. We can calculate that (using something
like (3))

C(V) = (—ab, =bc) @y (d, —abc)y. (2.36)

We have that d = abc mod (k*)?, so (d, —abc)y = (abc, —abe)y = Mo (k) by Corollary Thus
¢(V) = [(—ab, —bc)g]. Since this is trivial, we have that (—ab, —be); = (1, —1)g, so (—ab, —be, —ac) =
(1,—1,1) by Lemma Multiplying by abe gives (a,b, ) ~ (—abc, abe, —abe), which is isotropic.
As (a,b,¢) CV, V is isotropic.

We have completed the case where d(V) € (k*)2. Assume that d = d(V) ¢ (k*)2, so K =
k(V/d) is a quadratic extension, and v/d ¢ k. It suffices to show that V is isotropic if and only if
Vi =V @y, K is isotropic, as then we can pass to the quadratic extension where d(V) € (K*)2.

If V is isotropic, then clearly Vi is isotropic.

Now suppose Vi is isotropic. Then there exists u,v € V not both 0 such that ¥ (u + Vdv,u +
Vdv) = 0. So (u) + dip(v) + 2/ dp(u,v) = 0, so h(u) + dib(v) = 0 and 9 (u,v) = 0. If (u) = 0 or
¥ (v) = 0 we are done, so we may assume ¥ (u), ¥ (v) # 0, and that u, v are linearly independent over
k. Then U = Spany,(u, dv) ~ (¢(u), —dip(u)) CV,s0 V =U & W, where W is the complementary
space. We have that d(U) = —d(V), so d(W) = —1, so W ~ H is isotropic, so V is isotropic. = O

3 Quadratic forms over finite fields

Let k = F, for ¢ an odd prime (so that char k # 2). Utilizing the machinery of the previous section,
we can now develop a short and sweet classification of quadratic forms over k.
Fya is any field extension, the norm map N : Fy, — Fy is surjective. Thus by Corollary 2.49),

any quaternion algebra over k is split. In fact we have that Br(k) = 0, but this is a bit harder to
prove and we won’t need this.

Theorem 3.1.

1. If V is a regular quadratic space over IFy of dimension n > 3, then V is isotropic.
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2. If V,V' are regular quadratic spaces over Fy of dimension n, then V.= V' if and only if
d(V)=d(V").
Thus up to equivalence, the only regular quadratic forms are % +---+ 22 and 23 + - - - + uz?
with uw € Ty (FX)?, as FX/(Fx)? has two elements.
Proof.

1. WLOG we may assume n = 3 (as we can always take a 3-dimensional subspace). Then by
Theorem we have that V is isotropic if and only if ¢(V) = [k], which is always the case.

2. If n < 3 we are done by Theorem as (V) =c(V') = [k].
If n > 4, then V and V' are isotropic by Part 1, so V.= H@ W and V' = H @ W’ with
d(W) = —d(V) and d(W’) = —d(V"), so by induction W ~ W' so V ~ V. O

4 Quadratic forms over p-adic fields

Let k/Q, be a finite extension. The classification of quadratic forms over p-adic fields is fairly nice
and will allows us to prove things about number fields. First we recall the following theorems from
class field theory:

Theorem 4.1.

o~

1. (Brauer group) There’s a canonical isomorphism invy, : Br(k) — Q/Z. In particular, Br(k)[2]
1/22,)7. = 7,)27.

invg @s the invariant map.

2. (Artin reciprocity) For any quadratic extension E/k, there’s a canonical isomorphism
Arty : B* /Ng,(E*) = Gal(E/k) (4.1)
Remark 4.2. Thus if we choose a € k* \ (kX)? and b € k> \ N(k(y/a)*), then [(a,b);] represents
the unique non-trivial element of Br(k)[2] (see Corollaries and [2.49).

Lemma 4.3. Let V,V' be regular quadratic spaces of dimension 3 such that d(V) = d(V'). The
following are equivalent:

(i) V.~V
(ii) Either V,V' are both isotropic, or both anisotropic.

Proof. (i) — (ii): Done.

(ii) — (i): If V, V' are both isotropic, then V = H @ (—d(V)), so V=2 V'. If V, V' are both
anisotropic, so that ¢(V),c¢(V’) # 0. Then ¢(V) = ¢(V’) as there is only 1 non-trivial class in
Br(k)[2], so V 2V’ by Theorem O

Proposition 4.4.

1. There exists a unique anisotropic quadratic space W/k of dimension 4. It is W = (1, —a, —b, ab),
where (a,b)y is non-split. W represents every element of k*.
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2. Any regular quadratic space W' over k of dimension n > 5 is isotropic.

Proof.

1. Let A = (a,b)g, so that A = k & P where P are the pure quaternions. Let f : A — A be
the map f(A\,p) = (A, —pu) for X\ € k,u € P. We have that (A + p)f(A + p) = A2 — p? because
A is a scalar, and hence commutes with . So v : (A, u) — A2 — p? is a quadratic form, given
by W = (1, —a,—b,ab). It is anisotropic: otherwise H C W, so W ~ (1,—1,¢,—c) ~ H® H, so
(a,b)r = (—1,1) = M(k) would be split by Corollary [2.49]

Let o, 8 € A\ {0}. We have that aff(af) = aBf(B)f(a)af(a)Bf(8) as f : A — AP is a
k-algebra homomorphism (see the proof of Corollary , and f(«) € k™ is a scalar and hence in
the center of A. Thus the map

AN\ {0} — K~
A p) = A+ ) f(As ) (4.2)

is a homomorphism.
We want to show that W represents every element of £*. We have a k-algebra embedding

K(Va) > A
Va—z (4.3)

The restriction of the quadratic form ¢ to k(v/a) is Ni( /g /k, as (A +px)(A—px) = A2 —ap?. Thus
W represents every element of N(k(y/a)*), an index 2 subgroup.

Now, for any ¢ € k* \ (k*)?2, then there exists d € kX \ N(k(y/c)*), so (c,d)y is a non-split
quaternion algebra over k. Thus [(a,b)r] = [(¢,d)k], so (a,b)r = (¢, d)), (this follows from part 3 of
Definition [2.42), so (1, —a, —b, ab) = (1, —c, —d, cd), so W represents every element of N (k(1/c)*),
so W represents every norm of every quadratic extension:

S= U NED) ). (4.4)

cek*\(k*)2

We need to show that S = k*. We use the existence theorem from class field theory: any index
2 subgroup of k* is of the form N(k(y/c)*) for some ¢ € k*. Thus it suffices to show that k> is
covered by its index 2 subgroups. This is true as kX /(k*)? = (Z/2Z)" with r > 2.

Now, let V' be an anisotropic quadratic space of dimension 4 and let K = k(/d(V')). Then by
Theorem we have that ¢(Vk) # [K], and hence ¢(V) # [k] is nontrivial. Suppose d(V) # 1.
Then as d(V) € kX \ (k*)?, we have that there exists e € k* such that [(d(V),e);] is nontrivial,
and hence ¢(V) = [(d(V),e)x] (see Remark [£.2). Then as d(V) is a square in K, we have that
c(Vk) =[(d(V),e)kx] = [K], a contradiction. Thus d(V') = 1.

Let o € k* be represented by V. Then we can write V = (a) @ V’, and W = (a) @ W'. As
V', W’ have the same determinant and are anisotropic of rank 3, so by Lemma [4.3| we have that
V=w.

2. We can assume that n = 5 and show that V' is isotropic. Let o € k* be represented by V', and
write V = (a) ® V’. If V' is isotropic, we are done. If V' is anisotropic, then V' = W as in Part 1,
so V' represents —a, so V = (o, —a) @ V", and (o, —a) = H, so V is isotropic. O

Theorem 4.5. Let V' be a regular quadratic space of dimension n > 1. Then V is determined up
to isomorphism by d(V) and c(V).
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Proof. This is true for any k& when n < 3 by Theorem [2.50

Suppose n = 4. Then V is isotropic if and only if ¢(Vx ) = [K] where K = k(4/d(V')) by Theorem
If d(V) # 1, then V is isotropic by Proposition soV=Ho&W,and dW) = —d(V),
and ¢(W) = ¢(V). So V is determined. If d(V) = 1, then either V is isotropic, so ¢(V) = [k] and
V = H?, or V is anisotropic, and V ~ (1, —a, —b, ab) as in Proposition

If n > 5, then V is isotropic by Proposition soV ~ H®W and d(W) = —d(V) and
(W) =¢(V), so V is determined by induction. O

Next we will show that every combination of determinant and Clifford invariant does in fact
occur.

Theorem 4.6. Letn >3, d € k*, and ¢ € Br(k)[2]. Then there exists a reqular quadratic space V
over k of dimension n such that d(V) =d and ¢(V) = c.

This theorem is so nice because when n > 3, we have that SO,, is a semisimple algebraic group,
and we have that H'(k,SO,,) classifies the regular quadratic spaces.

We’ll use the following formula in the proof, which is valid for any k : If W is a regular quadratic
space over k, and a € k™, then

[(a, (=17 d(W)),]  dimW = 2r +1

[(—a,(=1)7d(W))x] dimW =27 (4.5)

c(W @ (a)) = c¢(W) + {

Proof of Theorem[4.6 First suppose n = 3. Then V is isotropic if and only if ¢(V) = [k]. There
exist isotropic and anisotropic regular quadratic spaces of dimension 3, so we can freely choose the
Clifford invariant. Now, for any a € k* we have that d({(a) ® V) = ad(V) and ¢({a) @ V) = ¢(V),
so we can pick any d(V).

If n=2r+1>5is odd, let W be a regular quadratic space of dimension n — 2 > 3. Then
dWeH)=—d(W) and ¢(W @& H) = ¢(W). By induction we may choose W such that d(W) = —d
and ¢(W) =¢, so V=W & H does the job.

If n = 2r > 4 is even, let W be a regular quadratic space of dimension n — 1 > 3. Then
d(W & (1)) = d(W), and

(W (1) = e(W) + [(1, (=1)" " d(W))s]

=c(W) (4.6)
as 1 is always a norm, so [(1,(—1)""*d(W))] is split by Corollary So setting V =W @ (1)
works. O
In the case k = Q,, we can define the Hasse invariant of V' = (a1, ..., a,), which is
(V) = [](ai, a;), (4.7)
i<j

where (a;, a;)p is the Hilbert symbol. For a,b € Q,, the Hilbert symbol is defined as (a,b), =1 if
2% = ax? + by? has a nontrivial solutions (z,y, z) € Q, and -1 otherwise. (a,b), = 1 if and only if b
is a norm in Q,(y/a). By Corollary we then have that (a,b), = 1 if and only if [(a,b)q,] = 0

in Br(k)[2] = 1.
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5 Quadratic forms over number fields

Let k/Q be a finite extension, and let My be the set of places of k. We have the following facts
from global class field theory.
There’s an exact sequence

0 Br(k) 2™, @D Br(k.) e ™ 01z 550 (5.1)
vE My,
[A] = ([Ak,]vem, (5.2)

invy is the invariant map. The maps res, : Br(k) — Br(k,) are the natural restriction maps.

If k, = C, then Br(k,) = 0 because C is algebraically closed.

If k, = R, then Br(k,) = $Z/Z, with nontrivial element represented by (—1, —1)g the Hamilto-
nian quaternions.

In 2-torsion, we have

0= Br(k)[2] & @ Br(k)2] — %Z/Z 0. (5.3)
ve My,

Thus we have a bijection
Br(k)[2] <> {Finite subsets S C M}, of even cardinality, such that if v e S = k, 2C} (5.4)

We need even cardinality as that way our element will be in Br(k)[2] = ker @ invy, (we are adding
up an even number of 1/2s). We take k, # C as if k, = C then Br(k,) is trivial, so in order to get
a unique representation we just exclude all the complex places.

Explicitly the map is given by

[A] — {v € M}, | A, is non-split} (5.5)

If E/k is a quadratic extension, then the Artin map gives an isomorphism

o

Arty = J] Arte, : A /KX Ny (Af) = Gal(E/k) (5.6)
vE My

Now, the goal of this section is to prove the following result.

Theorem 5.1 (Hasse-Minkowski). Let V' be a regular quadratic space of dimension n > 1. Then
V' is isotropic if and only if v € My, Vi, =V ® ky is isotropic.

This theorem is useful as while it is difficult to verify that V' is isotropic, V4, is easily isotropic
for all but finitely many places. For the other places, we can compute whether or not V4, is isotropic
using the Clifford invariant and the other local tools developed in the last section.

Proof. The forward direction is trivial.

Now we prove the backwards direction.

If n = 1 then nothing is isotropic.

If n = 2, then by Theorem [2.52] V' is isotropic if and only if d(V) = —1. So we need to show that
—d(V) € (k*)? if and only if —d(V) € (kX)? for all v € M. We have that —d(V) € (kX)? if and
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only if v splits in k(1/—d(V)). The Chebotarev density theorem says that if [k(\/—d(V)) : k] = 2,
then the primes that split in k(y/—d(V)) have Dirichlet density 1/2. So if all places split, then
k(v/—d(V)) =k and —d(V) € (k*)2.

If n = 3, then by Theorem [2.52] V is isotropic if and only if ¢(V) = [k], if and only if ¢(Vk, ) = ky
for all v by the fundamental exact sequence , if and only if V4, is isotropic for all v.

If n = 4, then we know that V is isotropic if and only if ¢(Vk) = [K] where K = k(,/d(V)). As
K is a number field, we may argue as above using the fundamental exact sequence .

If n > 5 we argue by induction. We utilize the weak approximation theorem, which states that
if ' C Mj, is a finite set of places, then k — [], .k, has dense image.

First, choose a decomposition V =U @ W with dim U = 2. We assume that V},, is isotropic for
all v € M}, and we need to show that V is isotropic. If U or W is isotropic we are done, so we may
assume that U and W are anisotropic.

Let S = {v € M}, | Wy, is anisotropic} . Let W’ be any 3-dimensional subspace of W (which
exists because dim W > 3), and S’ the analogue of S for W’. Then S C S’. But v € S’ if and only
if ¢(W;, ) is nontrivial, and by this is a finite set of places. Thus S is finite.

Now take some v € S. Then V},, is isotropic, so we can find ¢, € k¢ such that ¢, is represented
by U, and —c, is represented by Wy, .

We can find € > 0 such that for all v € S and d, € k), then |¢, — dy|, < € implies that
¢y /dy € (k)2 If v is non-Archimedean, we can do this with Hensel’s lemma. If v is archimedean,
we take a small ball not containing 0. Then by weak approximation, we can find some u € U such
that for all v € S, ¥(u,u)/c, € (k)2

We look at the subspace ku @ W C V| which is a regular quadratic of dimension n — 1 as u is
anisotropic. We claim that for all v € My, (ku@® W)y, is isotropic. If v ¢ S, then W, is isotropic.
If v € S, then k,u represents ¢, by construction, and Wy, represents —c,, so (ku® W), represents
0 and hence is isotropic.

Then by induction, ku & W is isotropic, so V' is isotropic. O

We will now derive some consequences of the Hasse-Minkowski theorem.

Theorem 5.2 (Weak Hasse-Minkowski). Let V.V’ be regular quadratic spaces of dimension n.
Then V ~ V' if and only if for all v € My, Vi, ~V}

Proof. The forward direction is trivial.

Now suppose that for all v € My, Vi, = Vk’v. We prove the result by induction on the dimension
n > 1.

If n =1, then V ~ V' if and only if V & ((—1) ® V') is isotropic. Applying Theorem
completes the proof.

Now for the inductive step. Let n > 1 and choose some a € k* represented by V', and write
V = (a) @ W. Note that V' represents a if and only if V' @ (—a) is isotropic by Corollary As
Vi, ~ Vj. for all v € My, we have that V| & (—a) ~ Vi, @ (—a) is isotropic over k, for all v € My,
so V' @ (—a) is isotropic by Theorem Thus V' represents a, so we can write V' ~ (a) & W’.
If v € M, then V), = (a) @ W] ~ Vi, = (a) © Wg,. Then applying Witt’s cancellation theorem
gives Wi~ Wy, for all v € My, so by induction W ~ W', so V.~ V' O

Corollary 5.3. If V,V' are reqular quadratic spaces over k of dimension n > 1. Then V ~ V' if
and only if d(V) = d(V'), ¢(V) = c(V'), and for all infinite places v|oo we have that Vi, = V| .
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Proof. We need to check that Vi, ~ Vklu for every v € M. We already have this for the infi-
nite places. If v is a finite place, then as d(V) = d(V’) mod (k*)? we have that d(V) = d(V’)
mod (k)?. We also have that the restriction res, ¢(V) = res, ¢(V’), so ¢(Vi,) = ¢(V{ ). Then
applying Theorem [4.5| gives that V}, ~ Vk’v, so we can apply Theorem O

Remark 5.4. We need the condition that Vi, ~ V| at all v | co as the archimedean places are
less well behaved. This is a standard phenomenon in number theory that the archimedean places
behave poorly from the perspective of Galois cohomology.

In particular, any regular quadratic space over R is isomorphic to (1)? & (—1)¢ for a unique
p,q > 0. Thus there are n+1 regular quadratic spaces over R of dimension n. But there are 2 choices
of Clifford invariant, as | Br(R)| = 2, and there are 2 choices of determinant, as |R x /(R*)?| = 2.
Thus only knowing ¢(V) and d(V) is not enough to determine Vj, for v a real place. However, as
there is a unique quadratic space of rank n over C, it is always true that Vj, ~ Vk’v if V,V’ are
regular quadratic spaces of rank n and v is a complex place. Thus we can restrict to only real places
in the statement of Corollary and in the following theorem.

We can now prove an existence theorem similar to Theorem

Theorem 5.5. Let n > 3, d € k*, ¢ € Br(k)[2], and choose for each v | 0o a regular quadratic
space W, over k, of dimension n such that d(W,) =d mod (k)) and ¢(W,) = res,(c). Then there
exists a reqular quadratic space V over k such that d(V) = d mod (k*)?, ¢(V) = ¢ and for all
v| oo, Vi, ~ W,.

Remark 5.6. 1. By the previous corollary, any quadratic space V satisfying the above proper-
ties is determined uniquely up to isomorphism.

2. If n = 3, then the Clifford invariant is a quaternion algebra, so this theorem tells us that any
2-torsion element of the Brauer group is represented by a quaternion algebra.

Proof. First we will define a quadratic space V' which satisfies all the conditions above except for
the one on the Clifford invariant. Then we will “twist” V' to define a quadratic space V' which also
satisfies the Clifford invariant condition. The second part will take a bit of muscle.

For all v | oo, write W, ~ (ay1,...,Gyn). Choose ai,...,a, € k* such that for all v | oo,
a;/ay; € (kX)? (this is possible by weak approximation, see the proof of Theorem [5.1)). Let
V ={ai,...,an_1,day---a,). Then d(V) =d mod (k*)?, and V}, ~ W, for all v | cc.

Now, let

S={veM, | (V) #resy(c)}. (5.7)

If S is empty we are done. So assume that S is non-empty. We have that
S={veM; | res,(c(V) —c) # 0}. (5.8)

Thus S is finite and of even cardinality by (5.4)).
Choose o € k* such that o ¢ (kX)? if v € S and « € (k)? if v | co. This is possible by weak
approximation and because S does not contain any infinite places by construction.
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Claim 1: There exists 8 € k* such that (o, 8)k, = [ko] if and only if v ¢ S.

Proof: By Corollary an equivalent statement is that there exists 8 € k* such that for all
v € My, 8¢ N(k,(v/a)*) if and only if v € S.

We show this using the properties of the global Artin map. Let E = k(y/a). Then Arty =

[, Arty, gives a surjection
AZ/N(Ag) — Gal(E/k) (5.9)

with kernel the image of £* embedded diagonally in A} .

We have that
AFIN(AR) = @D k) /N(ky(Va)™) (5.10)
vEMy

By local class field theory, k) /N (k,(y/a)*) is trivial or a cyclic group of order 2 depending on if v
splits in F or not (if v splits in E then « is a square in k, so k,(y/a) = k).
So (5.9) and some other properties of the global Artin map give an exact sequence

5 @ z2z 57220 (5.11)

vE My,
v not split in F

Then our claim is equivalent to the statement that there exists 8 € k> such that the image of 5
under ¢ is (ay)y, where a, = 1if v € S and a, = 0 if v ¢ S. The claims are equivalent because
then 8 ¢ N(k,(y/a)*) if and only if a, = 1, and we want to show that 8 ¢ N(k,(y/a)*) if and
only if v € S.
But as the sequence is exact, (ay), € imk* if and only if )~ a, = 0. So Claim 1 holds as |S] is
even. O
Now, let P = (1,—0) and P’ = (o, —af3). Then d(P) = d(P’) = —p.

Claim 2: P’ embedsin V & P.

Proof: The same argument as in the proof of the weak Hasse-Minkowski theorem shows that it
suffices to check this locally over k, for all v € My, as being represented by a quadratic space is a
local condition. In particular, P’ embeds in V & P if and only if (a) is represented by V & P and
—af is represented by W, where (o) W C V @ P is the complement. Thus P’ embedding in V@ P
is equivalent to certain elements being represented by certain quadratic spaces. By Corollary [2.49]
an element is represented by a quadratic space if and only if a certain quadratic space is isotropic,
and by the Hasse-Minkowski theorem [5.1] being isotropic is a local condition. Thus we can check
that P’ embeds in V @ P locally.

If v | 0o, then a € (k))?, so Py, ~ P/ .

If v { 0o, then dim V@ P > 5, and we know that any regular quadratic space over k, of dimension
at least 4 represents every element of k. This follows from Proposition as an isotropic space
represents every element of k) (by Corollary for instance), and we have directly verified the
claim for the unique anisotropic space of dimension 4. Thus we can write (V @& P)y, ~ (a) ®W, and
W will have dimension at least 4 so we can further write (V © P)i, ~ (@) @ (-af) @V, ~ P, @V,
Thus P’ embeds locally, so it embeds globally. This completes the proof of Claim 2. O

Thus we have that V& P ~ V' @ P’. We want to verify that V' satisfies the conditions of the
theorem. We have that d(V) = d(V’) mod (k*)?. If v | oo, then Vi, ~ V}/ by Witt’s cancellation
theorem as P, ~ P . Thus as V satisfies the determinant and infinite place conditions of the
theorem, V' does as well.
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It remain to check that ¢(V') = ¢. Using (4.5) we can calculate that
c(Va P)=c(V)+c(P)+ (e(n)d(V),—d(P))k

c(V'@® P')=c(V') + ¢(P) + (e(n)d(V"), —d(P")) (5.12)

where €(n) € {+1} only depends on the dimension of the quadratic space. As d(V) = d(V'),

d(P) = d(P’) and V@& P ~ V' @ P’, we have that (recall that the Clifford invariants are all
2-torsion)

c(V")y =¢e(V) +¢(P) + c(P’) =c(V) +c(P") (5.13)
as ¢(P) = [(1,—8)x] = [k] = 0 by Corollary By Lemma we have that ¢(P') =
[(a, —af)k] = [(«r, B)k]. Recall the definition of S |ﬁj By construction (see Claim 1), we have
that

S ={ve M | res,c(P)#[k)} =389 (5.14)

Thus for all v € My, res, ¢(V') = res, c¢. But equivalence in the Brauer group is a local condition

(see (5.1))), so (V') =c.
O

Example 5.7. As an application, we can ask which n € N are represented by z2 + y? + 22, e.g.
are the sum of 3 rational squares?

This is equivalent to determining for which n € N (1,1,1,—n) is isotropic. By the Hasse-
Minkowski theorem, we can check this locally.

Over R, C this is always true.

Over Q, with p odd, we claim that (1,1,1) is isotropic. (1,1,1,) is isotropic if and only if
¢((1,1,1)) = [Q,] by Theorem We have that c((1,1,1)) = [(=1,—1)g,], so it suffices to show
that (—1,—1)g, is split. We verify this by verifying that —1 is a norm in Q,(v/—1) and using
Corollary Ifp=1 mod4 Q,(v/-1) = Qp, so —1 is a norm. If p =3 mod 4, Q,(v/-1) is
the unique unramified quadratic extension Q2. But N ((@;n) = p"% x Z, where n is the unique
unramified extension of degree n (this is a standard fact from local fields). So —1 is a norm.

It remains to check Qq. Over Qo, (1,1, 1, —n) isisotropic if d((1,1,1,—n)) = —n # 1 mod (Q;)?.
This follows from Theorem [4.4] as there is a unique degree 4 anisotropic quadratic form V over Q,
and it has d(V) =1, so if d((1,1,1,—n)) # 1 then (1, 1,1, —n) is isotropic.

If —n € (Q))?, then (1,1,1,—n) ~ (1,1,1,1). We claim that (1,1, 1, 1) is the unique anisotropic
quadratic space of rank 4. From the proof of Theorem we have that if (a,b)g, is non-split,
then W = (1, —a, —b,ab) is the unique anisotropic quadratic space of rank 4 over Q2. Thus it
suffices to show that (—1,—1)g, is non-split. By Corollary it suffices to show that —1 is not a
norm in Qz(v/—1)/Q2. The norm form in Qz(y/—1)/Qs is given by N(z + yv/—1) = 22 + y?, and
22 + y? = —1 has no solutions modulo 4, so —1 is not a norm.

Thus n € N is a sum of 3 rational squares if and only if —n ¢ (Q;)2. We have that —n € (QJ)?
if and only if —n = 4% with ¢ € (Z5)?. Using Hensel’s lemma, we can show that ¢ € (Z5)? if and
only if c=1 mod 8.

Thus n € N is a sum of 3 rational squares if and only if n is not of the form 4*(8b — 1).

We also would like to know which n € N are a sum of 3 integer squares. In order to answer
this question, we need to develop the theory of quadratic forms over rings, which we do in the next
section.
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6 Quadratic forms over rings

The theory of quadratic forms over rings is a bit trickier than over fields and we will define some
things from scratch.

Let k£ be a field of characteristic not equal to 2. Let R be an integral domain with field of
fractions Frac R = k.

6.1 Basics

Definition 6.1. A quadratic form of rank n > 1 over R is a polynomial f(x1,...,2,) =Y Ajjziz;,
where A € M,,«,(R) is a symmetric matrix.

We say that f represents a € R if there exists b € R™\ 0 such that f(b) = a.

We say that two quadratic forms f,g are equivalent if there exists P € GL,(R) such that
P'A;P = A,.

Remark 6.2.

1. We can also consider proper equivalence of quadratic forms, which is equivalence by an element
of SL,(R).

2. There are quadratic forms over k which are not quadratic forms over R. The form z;z9 over
Q is not a quadratic form over Z because the associated matrix is

4

However, all the theory developed in this section can be applied to the “form” zizs, so we
will not worry too much about this.

Definition 6.3. A quadratic module M of rank n > 1 over R is a pair (M, 1), where M is a free
R-module of rank n and 9 : M x M — R is an symmetric R-bilinear form.

A quadratic module M represents a € R if there exists m € M such that ¢(m,m) = a.

A morphism « : (M,y) = (M',4¢') of quadratic modules is a morphism « : M — M’ of
R-modules such that for all mq,me € M, ¥'(a(m), a(msa)) = ¥(mi, ms).

Lemma 6.4. For alln > 1, there is a a bijection between quadratic forms over R of rank n modulo
equivalence and quadratic modules over R of rank n modulo isomorphism.

Proof. Omitted. Similar to the case for fields. O

Remark 6.5. We can extend scalars to obtain quadratic spaces over fields. For instance, if M is
a quadratic module over R, M ®p k is a quadratic space over k.

Two quadratic modules might be equivalent over some extension but not over the base ring. We
write M ~ M’ or M ~g M’ to denote isomorphism over R.

Definition 6.6. A quadratic module M has a determinant d(M) € R/(R*)? defined as the de-
terminant of the Gram matrix. Likewise we define d(f) = det Ay for a quadratic form f. We say
that M or the associated form f is regular if d(M) # 0, if and only if V = M ®pg k is a regular
quadratic space.

However, even if d(M) # 0 we don’t necessarily have d(M) € R* as R is not necessarily a field.
We say that M is unimodular if d(M) € R*, if and only if ¥ gives an isomorphism M — M*.
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For the remainder of the course, we will be motivated by the classification of regular quadratic
modules over Z. We will also try to determine whether a given quadratic module over Z represents
a given integer. A special case of this question is the integer analogue of Example All of this
can be generalized to work over the ring of integers of a number field, but we work over Q for
simplicity.

Naive hope: If M, M’ are quadratic modules over Z, then M ~z M’ if and only if Mg ~gr M}
and Mz, ~z, Mép for all primes p. This is a sort of analogue of the Hasse-Minkowski theorem.
But this is not true! And not even close to being true, even in the simplest cases.

Example 6.7. Let n > 1 be a squarefree integer with n = 1 mod 4. Consider the set X, of
quadratic forms f/Z of rank 2, determinant n, such that fg is positive definite. As the elements of
X}, are positive definite, they are all equivalent over R. The group GL2(Z) acts on X,.

Let E = Q(v/—n). We know that there are bijections (this is a “well-known classical fact”)

SLy(Z)\ X, < CL(E) (6.2)
GLy(Z)\X,, ¢ CI(E)/{£1} (6.3)

Here, CI(E)/{£1} is the set C1(F) with each element identified with its inverse. Note that none of
the quotients above are group quotients.

We can also show that if f,g € X,,, then f ~z g for all p if and only if f, g have the same
image in C1(E)/2CL(E). So our “naive hope” is equivalent to asking that the map CI(E)/{£1} —
CI(E)/2CI(E) is bijective. But this is not true. Gauss showed that # CI(E)/2 CI(E) = 2", where
r=#{p|n} =7(n). Also, by the Brauer Siegel theorem we have that

lim log # CI(E)
n—oo  log+/4n

so the size of | C1(E)| — oo as n — oco. If we let let n be a prime and let n — oo, then CI(E)/2 C1(E)
has 2 elements, but C1(F)/{+1} has more than 2 elements for n sufficiently large.

Concretely, if n = 29, then CI(E) = 6 and | C1(EF)/2 Cl(E)| = 2, and GL2(Z)\X,, is represented
by 2?2 4+ 29y?, 222 + 22y + 152, 522 + 2zy + 692, and 322 + 22y + 10y?. Thus the four forms above
split into two equivalence classes in CI1(E)/2 C1(E).

=1 (6.4)

Thus we can’t prove an analogue of the Hasse-Minkowski theorem, so we develop more machinery
the failure of the local-global principle

Definition 6.8. Let f be a regular quadratic form over Z. The genus of f, denoted by gen(f), is
the set of quadratic forms g over Z such that f ~r g and f ~z g for every prime p.

GL,(Z) acts on gen(f), so gen(f) splits into equivalence classes.
Lemma 6.9. If g € gen(f), then d(f) = d(g) as elements of Z/(Z*)? = Z.

Proof. 1f f, g are equivalent locally, then d(f) = d(g) mod Rso, and d(f) = d(g) mod (Z))? for
all p. Then d(f) = d(g). This is because equivalence over R gives that d(f) and d(g) have the same
sign, and equivalence over Z, gives that they have the same p-divisibility. O
Corollary 6.10. For any regular quadratic form f, GL,(Z)\ gen(f) is finite.

Proof. For any d € Z\ {0}, n > 1, the set of quadratic forms of fixed determinant d modulo
equivalence is finite. This is a consequence of “reduction theory”, and we won’t prove this. As all
the forms in a given genus have the same determinant, we are done. O
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Principle: Enumerating genera (the plural of genus) is easy, and a consequence of the Hasse-
Minkowski theorem. But computing GL,(Z)\ gen(f) is hard, which represents the difficult in
working over a ring versus a field. Recalling the key Example [6.7, we have that calculating the
number of genera in rank 2 is equivalent to C1(E)/2 Cl(E), which is fairly easy. But calculating
elements in each genus is essentially as difficult as calculating C1(E), which is very hard.

Observation: Suppose M, M’ are quadratic modules over Z that correspond to quadratic forms
in the same genus. Then M ®z R ~gr M’ ®z R, and Mz, ®z, Mip. In particular, if V=M ®, Q
and V' = M' @z Q, then Vg ~r Vg, and Vg, ~q, Vg, for all p. So then V' ~g V' by the weak
Hasse-Minkowski theorem Let o : V — V' be the isomorphism defined over Q. Now, V and
V' are Q-vector spaces which contain M and M’ as quadratic submodules. Then « restricts to an
isomorphism of quadratic modules a~1(M’) — M’. Thus any quadratic module in the same genus
as M is a quadratic submodule of V. This will be one of our guiding principles.

6.2 Lattices

Definition 6.11. Let R be an integral domain with fraction field k, and V' a quadratic space over
k. An R-lattice M C V is a free R-submodule of the same rank as V', which spans V as a k-vector
space, such that 1|ar« s takes values in R. M naturally has the structure of a quadratic module
over R.

In order to find R-lattices, we can take a basis for V', and check that 1|prx s has values in R.

Definition 6.12. Let V be a regular quadratic space over Q and M C V a Z-lattice. Then the
genus gen(M) of M is the set of Z-lattices M’ C V such that for all primes p, there’s an isomorphism
Mz, ~ My, of quadratic modules over Z,.

We have that Mg ~ Vg ~ Mg, so equivalence over the reals is automatically satisfied.

If M,M' C V are R-lattices and we have an isomorphism « : (M,¢|n) — (M',9¥|pm) of
quadratic modules, then tensoring by k gives

a®Rk:M®Rk:V—>M'®Rk:V€O(V) (65)

an element of the orthogonal group of V| as clearly distances are preserved.

Conversely, if 5 € O(V), then B(M) C V is another R-lattice, isomorphic to M as a quadratic
module over R. Thus the orthogonal group acts on the set of R-lattices in V', and two R-lattices
are isomorphic as quadratic modules if and only if they are in the same orbit. This allows us to
give the following characterization of the genus:

gen(M) = {M' CV Z-lattice | Vp,3g, € O(Vq,) such that My, = g,(Mz,)}. (6.6)

This follows from the above discussion as M ~ Mz, if and only if such a g, € O(Vg, ) exists.

A priori we do not know that the genus of a Z-lattice and the associated quadratic form are the
same. The next proposition shows this. Thus if we want to enumerate the equivalence classes in
gen(f), it suffices to enumerate the equivalence classes of lattices in gen(M). This is the first step
towards a group-theoretic description of the equivalence classes of gen(f), which will eventually
lead to a connection with automorphic forms.
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Proposition 6.13. Let V be a reqular quadratic space over Q, M C V a Z-lattice, eq,...,e, a
Z-basis for M, and f = Y (e;, e;)x;x; the associated quadratic form over Z. Then there’s a
bijection between

1. O(V)\ gen(M), the genus of M up to isomorphism of quadratic modules over Z.
2. GL,(Z)\ gen(f), the genus of f up to isomorphism of quadratic forms over Z.
The map is given by
gen(M) — gen(f)
M' = Spany(e},...,e,) — f = Zw(ei,xj)mixj (6.7)

Proof. Given M’ € gen(M), choose a basis e,...,e,, and let f' = (e}, €})z;z; be the as-

»Cno

sociated quadratic form. If v € O(V), then yM’ € gen(M) has basis y(e}),...,v(e},), and the
associated quadratic form is the same as ¢(ve], ve}) = v(e;, €}). Thus we have a well-defined map
O(V)\ gen(M) — GL,(Z)\ gen(f).

If M', M" € gen(M) give rise to the same quadratic form, then they are isomorphic as quadratic
modules by Lemma and so by the discussion above they are in the same orbit of the orthogonal
group. Thus the map is injective.

Now let f' € gen(f). Then there exists a quadratic module N over Z with basis by,...,b,
giving rise to the quadratic form f’ by Lemma As f € gen(f), we have that Ng ~ Vg, and
Nz, ~ Mgz, for all primes p. In particular, if V' = Ng, then Vg ~ Vg, and Vé)p ~ Vg, for all p.
Then by the weak Hasse-Minkowski Theorem there exists an isomorphism « : V' — V’. Then
a}(N) € gen(M) gives rise to the form f’. O

This is a very useful characterization of the genus, as we will now show.

Proposition 6.14. Let f be a regular quadratic form over Z and a € Z. The following are
equivalent:

(i) f represents a over R and over Z, for all p.
(ii) There exists ' € gen(f) which represents a over Z.
Before we prove this proposition, we need a lemma.

Lemma 6.15. Let V be a quadratic space over Q and M C V' a Z-lattice. Then there exists a
bijection between:

1. {M' CV Z-lattice}.
2. {(M,), | ¥p, M C Vy, is a Z-lattice, and for all but finitely many p, M), = Mz, }.
This is a generalization of the fact that the image of the map

Z— 7"
n— vp(n) (6.8)

has image equal to those tuples which are 0 for all but finitely many indices.
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Slogan: Any element of gen(M) is only finitely many primes away from M.

Slogan: Elements of gen(M) differ by a denominator.

Proof. The map 1 — 2 is given by M’ — (Mip)p-

First we will show the map is well-defined. For each M’, we can find N such that NM C M’ C
%M . This is true because we can find v € GL,,(Q) mapping M — M’, and the denominators of ~
will be bounded. Thus we have that Mz, = Mép for any p{ N, as if pt N then NMp, = Mz, =
% MZD :

Next we will show injectivity. Once N is fixed (so once the finite set of primes for which
M, # My, is bounded), M’ is determined by M’'/NM C +M/NM (this is equivalent to the
statement that if A/H = B/H C G/H then A = B). +-M/NM is a finite abelian group, so it
decomposes as a sum of its p-parts:

1 1 -
NM/NM = pGlg(NM/NM)[p ]
=Pr| N%MZP /NMz,. (6.9)

Also, M'/NM C %M/NM is determined by its p-parts, and
M'/NM[p™] = Mj, /NMz,, (6.10)

so M" is determined by (Mjy, ),. Thus if (M7 ), = (M7 ), then M’ = M", so the map is injective.
Finally we show surjectivity. Given some (L,), in set 2, we can find N € N such that for all p,

1
NMz, € Ly € M, (6.11)

This is true because at the primes where My, = L,, we can take v,(N) = 0. At the finite set of
primes where Mz, # L,, we have that p%pMZp C L, C p°» Mz, for some e,, and taking N = [[p°»
gives the desired N. Set M’ = L + NM, where L C %M /N M is the unique subgroup such that
L/NM[p*>] = L,/N Mz, for all primes p. Then arguing as above we have that Mép = L, for all
p. We also need to show that M’ is a Z-lattice, so that the form 1) takes integer values on M’.
But v takes Zy-values on L, = Mép as L, is a Zy-lattice, and if a € Q then a € Z if and only if
a € Zy, C Q, for all p, so we are done. O

We can now prove the proposition.

Proof of Proposition[6.14 Using Proposition [6.13] we have the following coordinate free formula-
tion:

Let V be a regular quadratic space over Q, M C V a Z-lattice, and a € Z. Then we want to
show that Mz, represents a for all p and Mg represents a if and only if there exists M’ € gen(M)
such that M’ represents a.

If there exists M’ € gen(M) that represents a, then Mép ~ Mz, represents a for all p and
Myp ~ Mp represents a, so we are done.

Now suppose Mz, represents a for all p and Mg represents a. By the Hasse-Minkowski theorem
we have that V represents a, so there exists u € V'\ {0} such that ¢ (u,u) = a.
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Let S ={p | u¢ Mg, }. Letei,...,e, be a Z-basis for M. Then as u € V, we have that
u = aje; + -+ ape, for some a; € Q. Let N be the least common multiple of the denominators
of the a;s. Then if pf N, uw € Myz,. Thus S is the set of primes dividing IV, so S is a finite set.
If p € S, then Mz, represents a, so there exists u, € Mz, \ {0} such that ¥(up,u,) = a. Then by
Witt’s lemma Theorem there exists g, € O(Vg,) such that g,(u,) = u.

By Lemma there exists a Z-lattice M" C V' such that My = My, if p ¢ S and My =
gp(Mz,) if p € S. Then by we have that M’ € gen(M).

To complete the proof, we need to show that u € M’, so that M’ represents ¢ (u,u) = a. We
have that u € V = M ®zQ, so fixing a Z-basis €}, ..., e}, for M’ we have that u = bye} +---+byel,
for some b; € Q, and we have that v € M if and only if b; € Z. We can instead check that b; € Z,,
for all p, or equivalently that u € Mép for all p. If p ¢ S, then u € Mz, = Mi,,- If pe S, then
up € Mz, and g, (up) = u by construction, so u € My, as g,(Mz,) = My also by construction. [

The previous proposition demonstrates the general Principle [6.1] stated above that to work with
quadratic forms over Z we first enumerate the genera, and then work within each genus.

6.3 Representating integers by a sum of 3 squares

We now demonstrate that we have actually done something useful by returning to the problem of
representation of integers by the sum of three integers squares.

Proposition 6.16. Let p be a prime and a € Z,, \ {0}. Then a is represented by 2%+ y? + 22 over
Zy if and only if either p is odd, or p=2 and —a & (Z2)*.

Proof. First note that if b € Z,, \ {0}, then b is represented by z2 + y? if and only if

always p=1 mod4
vp(b) is even p=3 mod4 (6.12)
be 2™(1+4Zy) for somem >0 p=2

If p=1 mod 4, we have that ¢ € Z,, so we can take z = (b+1)/2 and y =i(b—1)/2. If p=3
mod 4 or p = 2, this follows from the fact that z? + y? is the norm form for Z,[i], so b € Z,, is
represented if and only if b is a norm. See Example for the details.

We use the representation of z2 + 32 to deduce that of 22 + y2 + 22.

If p=1 mod 4, then 2% 4+ y? + 22 represents Z.

If p =3 mod 4, then all elements with even valuation are represented by z2 + 32, so it suffices
to show that pu with u € ZX. But pu = (=14 pu) + 1, and (=1 + pu) is represented by z? 4 y?,
and 1 is represented by 22, so we are done.

If p = 2, we need to check that 3 + 8v, 2(3 + 8v) with v € Z, are represented. This is because
we already know that —a ¢ (Z2)? is a necessary condition, as it is a necessary condition over Qs
(see Example . To show that it is a sufficient condition, we need to check the cases not already
covered by z? + y2, which are precisely 3 + 8v and 2(3 + 8v). We have that 3 +8v =2+8v+ 1=
2(1 + 4v) + 1. The first term is represented by x2 + y2, and the second by z2. Likewise, we have
that 2(3 + 4v) = (5 + 8v) + 1. O

Using Proposition [6.14] and a bit of Hensel’s Lemma magic, we have the following corollary:
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Corollary 6.17. If a € N, then a is represented by gen(x? + y* + 22) if and only if a is not of the
form 4°(7 + 8c¢) with b,c € Z.

In fact, gen(z? + y? + 22) has only one element, so a is represented by x2 + y* + 22 if and only
if @ is not of the form 4°(7 + 8¢) with b, c € Z. We will now show this. We will need the following
theorem, which we will not prove.

Theorem 6.18 (Minkowski). Let C' C R™ be a compact, centrally symmetric (so that C = —C),
convex subset with vol(C) > 2™. Then C N (Z™ \ {0}) is nonempty.

Proposition 6.19. gen(z? + y? + 22) = GL3(Z) - (2% + y* + 2?).

Proof. We'll show that if g is a positive definite quadratic form of rank 3 over Z with d(g) = 1,
then g ~ f = 22 + % + 22. Then as gen(z? + y? + 2?) is a subset of this set of forms, this claim
implies the proposition.

Claim 1: It suffices to show that there exists x € Z3 such that g(x) = 1.
Proof: Suppose such an x € Z? exists. We have that Q3 = (Qx) ® (Qx)*, and if v € Z3, then

= v, X)X U_w(v,x)x
’U_(,(/}(7 ))+( T)/J(X,X) )

= (¥ (v, %)%) + (v = (v, %)x) (6.13)

We have that v—1 (v, x)x € ((Qx)+NZ3), so Z3 = (Zx)® ((Qx)NZ3). Z? = (Zx)® ((Qx)*+NZ3) is

arank 2 positive definite lattice of determinant 1. Any rank 2 positive definite lattice of determinant

1 is equivalent to 22 + 32, so we have that g ~ 22 4 y? + 22 as desired. O
Thus is suffices to prove the following claim.

Claim 2: there exists x € Z3 such that g(x) = 1.
Proof: We use Minkowski’s theorem. Let

Oy ={veR? | |g)|"? <A} (6.14)

Over R, g is equivalent to 22 + 32 + 22, so C) is the image of the unit ball under some linear map

with determinant 1. Then vol(C)) = %7‘(‘)\3. We want %77)\3 > 23 s0 A > ﬁ =1.24.... < 2.
§7|'

Choose A > 3 %;E Then Minkowski’s Theorem |6.18 implies that there exists v € Z* \ {0} such

3
that |g(v)|*/? < v/2, so |g(v)| < 2, so g(v) = 1 because g is positive definite and integer valued.
This completes the proof of the claim and hence the proposition. O

Proposition allows us to give the following strengthening of Corollary

Corollary 6.20. Ifa € N, then a is represented by x2 + y? + 22 if and only if a is not of the form
4(7 + 8¢) with b,c € Z.

Thus we have shown how the theory of genera can be used to solve the representation problem,
at least in a special case.

We now study classification of quadratic forms over rings. We first give a group theoretic
description of genera.
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6.4 Group-theoretic description of genera

Let M C V be a Z-lattice in a regular quadratic space V. We have that following group schemes/group
functors:

GLy : commutative Q—alg — Group (6.15)
R Autg(V ©g R)
GLjy : commutative Z—alg = Ring — Group (6.16)

R+ Autr(M ®z R)
We have, for example, GLas Xspecz Spec Q = GLy, and GLy (Q,) = GL(Vg, ).
We want to take R to be the ring of finite adeles, which is defined as
!
A=
P
={(zp)p € Qp | z, € Z), for all but finitely many p}. (6.17)
We then have that
GLy (A™) = H/ GL(Vg,) = {(gp)p € HGL(VQp) | gp € GL(Mz,) for all but finitely many p}
P P

(6.18)
and the definition is independent of the choice of lattice.
Lemma gives a bijection between the set of all lattices M" C V and the set of tuples (M),
of Z,-lattices Mz/)l C Vg, such that MI/,’ = Mgz, for all but finitely p. Thus the GLy (A>) acts
transitively on the set of lattices in V' by

(9p)p - (M;/;,)p = (gp(Mz/;,))p (6.19)

The action is transitive because we can map any two Z,-bases to each by some element of GL(Vg,),
and any two lattices only differ by finitely many primes. The stabilizer will be the set of matrices
which do not change M, for each p, which are

Stabgr, (a=) (M) = [ [ GLu(Z,) = GLu(Z), (6.20)

where Z = [[p = @Z/ nZ are the profinite integers. Thus the orbit stabilizer theorem gives a
bijection between lattices M C V and GLy (A®)/ GLas(Z).

Furthermore, we know that if M’ C V' is a Z-lattice in V, then it lies in gen(M) if and only if
for all p, there exists g, € O(Vg,) such that g,(Mz,) = Mip. So there’s a bijection
gen(M) < Oy (A™)/On(2)
(9p(Mz,))p < (9p)p (6.21)

This gives a group theoretic description of the genus, and we want to descend to a group theoretic
description of the equivalence classes of the genus. By the discussion at the start of Section [6.2]
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two lattices are equivalent as quadratic modules over Z if and only if they are conjugate under the
action of the orthogonal group O(V'). So taking quotients gives a bijection

O(V)\ gen(M) & Ov(Q\Ov (A%)/On(Z). (6.22)

This gives a purely group-theoretic description of the equivalence classes in the genus. The right
hand side is a space which supports automorphic representations, which we will discuss more later.
Now, let’s return to classification problem.

6.5 Classification

Let’s look at the genera of unimodular Z-lattices M C V. We have the following invariants:
1. The discriminant d(M) € {£1}.
2. (r,q)-signature: Vg ~g (—1)" @ (—1)7 (recall the classification of quadratic forms over R).

3. Parity: We say that M is even if for all v € My,, (v,v) € 2Z,. Otherwise it is odd. The
module is even if all the diagonal entries are even, and odd otherwise.

) is even and the form z? — g2

Example 6.21. The form 2xy corresponding to the matrix ((1) (1)

corresponding to the matrix 0 > is odd. These two modules are equivalent over QQ and even

1
0 -1
over R, but they lie in different genera.

These 3 invariants are sufficient to classify all unimodular genera.
Proposition 6.22. Letn > 3, r,q € Z>o withr +q=mn. Then

1. There exists a unique genus of odd unimodular Z-lattices of signature (r,q).

2. There exists a genus of even unimodular Z-lattices if and only if r = q mod 8. In this case,
the genus is unique.

Proof sketch.

1. We need to exhibit a regular quadratic space V/Q such that there exists an odd unimodular
lattice M C V with Vg ~ (=1)" @ (—1)2. Then we need to show that any other V'’ with this
property satisfies 1V’ ~ V and that for all p, O(Vg,) acts transitively on the unimodular Z,-lattices
in Vg,, as then all the lattices in V' lie in the same genus (see (6.6)). So we will show that V' is
determined, and then that M is determined.

If M C V is odd unimodular, then d(M) = (—1)?. In order to show that V is determined, it
suffices to show that it is determined locally by the weak Hasse-Minkowski theorem

If p is odd, we can use the following version of Hensel’s lemma.

Lemma 6.23 (Hensel’s lemma for unimodular quadratic forms over Z,,). If f, g are quadratic forms

over Z, with p odd, d(f),d(g) € Z,;, and f mod p ~p, g mod p, then f ~z, g.
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In Section [3] we determined that quadratic forms over finite fields of characteristic not 2 are
classified by their determinant. Thus if such a V' and such an M exist, we must have

My, ~z, (1)" ® (=1)¢ (6.23)
Then tensoring up to Q, we have that
VQp ~Q, <1>r D <*1>q (6.24)

So if M and V exist, then the determinant is fixed, Vg is fixed, and Vg, is fixed for all odd p. We
know by Corollary that V' is determined by d(V') and ¢(V'), and we can freely choose d(V)
and ¢(V) as long as they are compatible over R. Thus there’s a unique V' up to isomorphism such
that d(V) = (=1)9, Vg ~r (1)" @ (—=1)9, and Vg, ~q, (1)" ® (—1)7 for any odd prime p. At p = 2
everything works out also as there is only one choice for the Clifford invariant by . Thus V is
uniquely determined.

To show that this V admits an odd unimodular Z-lattice, by Lemma [6.15] we need to check that
Vo, admits a unimodular Z,-lattice for every prime p which is odd for p = 2. To show uniqueness,
by we need to show that locally the Z,-lattices are unique up to the action of O(Vg,).

If p is odd, the existence is clear, and the uniqueness follows from the version of Hensel’s lemma
stated above. If p = 2, we can show that any regular quadratic space W over Qo admits a unique
O(W)-orbit of odd unimodular Zs-lattices. To our knowledge, there is not a nice proof of this
result, so we won’t prove it. This proves part 1.

2. If W is a regular quadratic space of rank n over Qs, it is a fact that W has an even unimodular

Zo-lattice if and only if n = 2m is even and W ~ H™, or W ~ H™ 1 @ <(% ;) > We can check

that in this case, the lattice is unique up to the action of O(W).

In part 1, we explicitly determined the unimodular lattice at every odd prime, and showed that
there was only one choice at p = 2, if such a choice existed. We then were saved by the result that
any regular quadratic space over Q2 admits an unique odd unimodular lattice, so such a choice does
exist.

But in this case, we need to determine when there exists a regular quadratic space V over Q
such that

1. Ve ~ ()" @ (—1)¢
2. Vo, ~(1)" © (—1)7 for all odd primes p

3. VQ2 ~ H™ or VQ2 ~ H™ g <<§ ;)>
4. d(V) = (-1)4.
But H™ 1@ (? ;) > has determinant 3 so we can remove it immediately. We can compute the

Clifford invariant in each case, and we need to decide if the local Clifford invariants come from an
element of Br(Q)[2]. If we do this computation, we find that such a V exists if and only if r = ¢
mod 8, and in this case it is uniquely determined up to isomorphism. Then the work we have done

shows that there is a unique genus of even unimodular lattices in V.
O
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Let I, 4 denote the unique genus of odd unimodular forms of signature (r,q), and II, , denote
the unique genus of even unimodular forms of signature (r,q), which exists if and only if » = ¢
mod 8. Classifying equivalence classes within each genus is difficult, and depends on (r,q). We'll
introduce the notion of the spin group and the spinor genus, and use them to show that if r, q # 0,
so the form is (positive/negative) definite, then I, ; and II, ; have a single equivalence class. In
the definite case where r = 0 or ¢ = 0, computing the equivalence classes is a hard computational
problem, and we’ll develop a reasonable method of doing so.

Before we do that, we’ll give an example to show that computing the genus in the definite case
is difficult. In this case, some information is given by the Smith-Minkowski-Siegel mass formula.

Definition 6.24 (Smith-Minkowski-Siegel mass formula). Let M C V be a Z-lattice, where Vg is
positive definite, n > 3. Then there is a canonical measure, the Tamagawa measure, on the group
SOy (A) with the property that

vol(SOy (Q)\ SOy (A)) = 2 (6.25)

Remark 6.25. A measure if a functional on the space of continuous compactly supported functions.
It is a fact that any locally compact topological group G has a unique measure (up to rescaling), the
Haar measure, which is invariant under left translation. If G is compact, then there is a canonical
normalization which gives the group volume 1. The group SOy (A) is not compact, but there is
canonical normalization the Haar measure on this group which works over any number field. Under
the Tamagawa measure, the group will have a certain volume, the Tamagawa number, which is very
difficult to compute.

We want to compute the closely related quantity

#0v (Q)\Oy (A>) /O (Z) (6.26)

as this is the number of equivalence classes of lattices in the genus. We can compute this as some
sort of volume. This is a bit tricky as the points of (6.26)) don’t have measure 1. If we use the
Tamagawa measure, we get

1
) D — S} (6.27)
Oum (Z
areo(i s gen(ar) TOM (Z)
where (%) is some quantity which we can compute. In the case where gen(M) =11, o with n =0
mod 8, we have that

n/2—1

(%) =272 ¢ (1 - g) I ¢t-2 (6.28)
j=1

where ¢ is the Riemann zeta function. The zeta function terms arise from certain Euler products
appearing in the Tamagawa measure formula.

If n =8, we get that
1 1

(x) = ol4 .35 .52.7 #Og, (Z)

where Ejg is the famous root lattice. Thus Ilg ¢ has a unique equivalence class because the left hand
side of the formula is “exhausted”. This was first proved by Mordell. We also have that

#(Ilo/ ~) =2 (6.30)

(6.29)
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as proved by Witt,

#(Ilp40/ ~) =24 (6.31)
as proved by Niemier (the Leech lattice is one), and
#(z2,0/ ~) =7 (6.32)

but we know that it is in the millions, which we can show using the mass formula.

7 Spin groups and spinor genus

Let & be a field of characteristic not 2 and V a regular quadratic space over k of rank n > 3.

7.1 Spin groups and spinor norms

We start off with a bit of motivation because the spin group is a bit weird. Recall (Propositionm
that O(V') is generated by simple relfections 7,,, where w € V' is an anisotropic vector.

Proposition 7.1. Define a map

sn: SO(V) — k% /(k*)?
9= Twy ~ Tw, = P(wr) - Y(w,) mod (k) (7.1)

Then sn is a well-defined group homomorphism.

Even the fact that this is well-defined is a bit surprising. sn is the spinor norm, and its existence
reflects the existence of the spin group. We will define a few things and then see that the spinor
norm emerges naturally from these definitions.

Example 7.2. Assume k = C. Then any finite dimensional irreducible representation of SO(V)
gives rise to a finite dimensional representation of the simple Lie algebra so(V') by differentiation.
We know that two representations of SO(V') are isomorphic if and only if the representations of Lie
algebras are isomorphic, and we know that we can classify the representations of so(V') using the
theory of roots and weights (cf. Lie algebras). Associated to the fundamental weights of the Lie
algebra we have the fundamental representations. There is a fundamental representation of so(V')
that does not integrate to a representation of SO(V). If we want to get a representation of a group
from this representation of s0(V'), we need to replace SO(V') by its universal cover. As SO(V) is a
complex algebraic group, its universal cover will have the structure of a complex algebraic group.
We call this group the spin group Spin(V).

Now lets return to the case where k is any field of characteristic not equal to 2.

Recall the universal property of the Clifford algebra C(V): maps C(V) — A are in bijection
with maps o : V — A such that o(V)? = (v,v). Taking o = —1, which maps v — —v, we get a
map

C(-1):C(V) = C(V)
vy op = (1) g - o (7.2)
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Likewise, the natural inclusion V < C(V') induces a map

() C(V) = (V)P
V1 Uy > Vg VY. (7.3)

We then devine T = (C(—1)(x))’, so that 770, = (—=1) v, - - - v1.
Definition 7.3. The Clifford group is defined as follows:

I'yv={zcC(V)* | YoeV, O(-1)(z)vzt €V} (7.4)
The Clifford norm of an element z € I'y is defined as N(z) = 27.

Lemma 7.4.

1. Ty is a group, which acts on V', so there exists a group homomorphism p: I'y — Autg (V).
2. If w € V is anisotropic, then w € T'y, N(w) = ¥(w,w), and for allv € V, p(w)(v) = 7, (v).

3. p takes values in O(V), and gives a surjective homomorphism Ty — O(V) with kernel k>,
and N : T'y — k* is a homomorphism.

Proof.

1. This follows from definitions. We clearly have that 1 € I'y,, and if z € I'y; then 2! € I'y,. Note
that the action on V is essentially just conjugation twisted by multiplication by (—1)", and it’s easy
to see this defines a group action.

2. If w € V is anisotropic, then w? = 9 (w,w), so w™' = w - Y(w,w)~ . Also, if v € V, as

vw 4+ wv = 2y (v, w), we have that
C(=1)(w)vw™ = C(=1)(w)vwi)(w, w)
= —(2¢(v, w) — vw)wip(w,w) ™!
~ 2¢(v,w)
P(w, w)
= 7 (V). (7.5)

Thus w € T'y, and p(w)(v) = Tw(v).

Also, we have that N(w) = w(C(—1)(w)) = —w? = —¢(w, w).
3. If x € ker(p), then for all v € V, we have that C(—1)(z)vz~! = v. Thus C(—1)(z)v = vx. Thus
if © = zo + 21, where z; € C;(V), then we have that C(—1)(z¢) = zp and C(-1)(z1) = —x1 so

ToU — T1V = VT + vx1. (7.6)

Comparing the Cy(V) and C1 (V) parts of both sides gives zov = vy and xjv = —vxy. Then as
C (V) is generated as an algebra by all v € V, we have that zo € Centc,y)(C(V)), the degree 0
part of the centralizer of C'(V'). By some standard Clifford algebra computations we can determine
that Centc,vy(C(V)) = k, and similarly that 1 = 0, so # € £* as x is nonzero.

Next we check that N takes values in k* and is a homomorphism. As we have just shown that
the stabilizer of the group action is k*, it suffices to show that if = € 'y, then N(x) acts trivially
on V.
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Let x € Ty and v € V. Set C(—1)(z)vaz~! = w for some w € V. Then v = C(—1)(z~Hwz, so
v =z2'wC(-1)(z71) = C(-1)(@)w(@)~*. Thus C(-1)(zx)v(zz)"! = C(~1)(@T)wz* = v, so Tx
acts trivially and Tz € k*. Then 2Tz = Tzx, so 2T = ZTx as © € C(V)*. Thus N(z) = 2T =Tx €
kE*. Then N(zy) = xy(zy) = 2yyz = 27Tyy = N(x)N(y). We frequently utilize that k* is in the
center of V.

If x €Ty, w € V is anisotropic, then

N(C(-1)(z)wz™") = N(C(=1)z)N(w)N(a)~"

as N(C(—=1)z) = N(x) € k*. We also have that
N(C(=1)(z)wz™") = N(p(z)(w))
= —(p(z)(w), p(x)(w)). (7.8)
So p(x) acts on V' and preserves 1 on the anisotropic vectors. Then it must also preserve ¢ on
the isotropic vectors, so p(z) € O(V). p is surjective as 7, = p(w) for w anisotropic, and simple

reflections generate the orthogonal group.
O

The above lemma has a lot of parts. To summarize, we have the following diagram with exact
rows

1 k* Iy L o(V) 1
J JN J{sn
kX kX X (k%) —— 1

where the map k% — k* on the bottom row is given by A — A2. sn is the spinor norm, it is the
unique map which makes the diagram commute. It is calculated as follows.

Any v € O(V) can be written as 7, - - T, for some anisotropic w; € V. The preimage in T'(V')
is wy - - - w,., and we have that N(w; -+ w,) = (=1)"¢(wy) - - - (w,). We then have that

sn(y) =sn(7y, - Tw,) = (—1)"Y(w1) - - Y(w,) mod (kx)2. (7.9)

This completes the proof of Proposition O
As a consequence of the surjectivity of p, we have that

Ty ={wy--w, € C(V) | >0, w; €V anisotropic}. (7.10)
We now define the spin group.
Definition 7.5. The spin group Spin(V') is defined as
Spin(V) ={x e Ty NCy(V) | N(x) = 1}. (7.11)
As a consequence of , we have that
Spin(V) = {wy -, | 1> 0 even, p(wr) - p(w,) = 1}. (7.12)
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Define the map
0 : O(V) 24 /()2 x {£1}. (7.13)

Then we have an exact sequence

1 {£1} Spin(V) —2— O(V) —%— k> /(k*)? x {#1}

The {£1} arises as the kernel of p : T'yy — O(V) is k™, and we have that k* NSpin(V) = {+1}. By
exactness, the image of Spin(V') in O(V) is the elements of SO(V') with trivial spinor norm. Thus
we have the following exact sequence:

1 —— {#1} —— Spin(V) —2— SO(V) —=— kX /(k*)?

Remark 7.6. Here is another perspective on the above exact sequence. We can define Spiny as
a linear algebraic group over k. Then we have a short exact sequence of group schemes (not of
groups!) over k:

1 12 Spiny SOy 1

If we take k points, then this will be an exact sequence of groups. But if we just take k-points, then
we obtain a connecting homomorphism § : SO(V) — H!(k, u2). By Hilbert’s theorem 90 we have
that H'(k, u2) = k> /(k*)?, and we can check that § is in fact the spinor norm sn.

7.2 Spinor genus

Let V' be a regular quadratic space over Q, and let
Q(Vg,) = p(Spin(Vy,)) = ker(sn : SO(Vg,) — Q;/(Q;)?) € SO(Vy,) (7.14)

Definition 7.7. Let M, M’ C V be Z-lattices. We say that M, M’ are in the same spinor genus if
there exists v € O(V'), and for each prime p, w, € Q(Vg,) such that Mz, = 'yprip.

Let’s show that being in the same spinor genus an equivalence relation. This follows from the fact
that ©(Vg, ) is a normal subgroup, as it is the kernel of the spinor norm. Suppose Mz, = yw,M;
and My = dn, My for all p. Then

p,

Mz, = ywpdn, My,
= 7(5(5‘1wp517pM£p. (7.15)

We have that v6 € O(V) and 6~ 'w,dn, € Qvg, by normality, so M ~ M".

Remark 7.8. The spinor genus is the set of lattices which differ locally by an element of the spin
group and globally by an element of the orthogonal group. We might think that a more natural
definition is to only check for local equivalence, but then the spinor genus might not be closed under
equivalence (recall that two lattices are equivalent if and only if they differ by an element of the
orthogonal group).
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If M, M’ are in the same spinor genus, they are locally equivalent (they differ by an element of
the orthogonal group), so they are in the same genus. Thus gen(M) is a disjoint union of spinor
genera, denoted by spgen(M’). We have a group theoretic description of the genus, and we want
to obtain a group theoretic description of the spinor genus. The following result gives this. First,
define

Qv (A®) = (H ﬂ(VQp>> NOv(A™) (7.16)

which is the product of the local Qs with the adelic finiteness condition imposed by intersecting
with Oy (A°) (see (6.18)). Also, recalling the definition of the map 6 in (7.13)), define

! !/
o' =16:0v(a>) =T (@ /(@) x {+1}) (7.17)
P P
where the product on the right hand side is restricted so that

TT Q) /(@) x {£1}) = {(2p(Q2)% )y | p € 2 (Q)? for all but finitely many p}. (7.18)
p

Proposition 7.9. Let M CV be a Z-lattice.
The following sets are in bijection:

1. The set of spinor genera in gen(M).
2. The quotient O(V)\Oy (A®)/Qy (A®)O (Z).
3. The quotient 8 (O(V))\& (Oy (A>))/6'(On(Z)).

Proof. Recall our work in Section and (6.21)) in particular.

12 If M',M"” € gen(M), then M’ = ¢'M and M” = ¢’M where ¢',¢” € Oy(A*>). By
definition, M’ and M" are in the same spinor genus if and only if there exists v € Oy (Q) = O(V)
and w = (wp)p € Qv (A™) such that for all p, My = g, Mz, = yw,My = ywyg, Mz, .

This is true if and only if there exists v € Oy (A™), w = (wp)p € Qv (A®), k = (r,), € On(Z)
such that ¢’ = ywg”k, where equality is taken in Oy (A°°). This follows from the fact that O/ (Z)
is the stabilizer of (M), up to equivalence.

Rearranging gives ¢’ = v¢” (¢"”" ~*wg" )k, and since Qy is a normal subgroup, M’ and M’ are in
the same spinor genus if and only if ¢’, ¢’ have the same image in O(V)\Oy (A%)/Qy (A>®)O0 s (Z).
2<3: Note that ¢’ is a group homomorphism with kernel Qv (A°). So the result follows from one
of the elementary group theory isomorphism theorems. O

Remark 7.10. gen(M) is the union of finitely many equivalence classes, so each spinor genus is
the union of finitely many equivalence classes, and there are only finitely many spinor genera in
each genus. Thus the group appearing in part 3 of the above proposition is a finite abelian group.
It is sort of like the 2-torsion of the class group of a quadratic extension, and computing it should
be fairly routine.

The next proposition describes the image of sn(SO(V)) C Q% /(Q*)?
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Proposition 7.11. Let V be a regular quadratic space over Q of dimension n > 4.

1. If Vi is indefinite, then sn(SO(V)) = Q*/(Q*)*. If Vk is definite, then sn(SO(V)) =
Q>0/(Q%-

2. If M CV is a unimodular lattice, then gen(M) = spgen(M).
Proof.

1. Lets assume that Vi is positive definite, the other cases follow similarly. Let v € V' be such that
Y(v) = a > 0. Take any 3 € Qs¢. Then Vg represents o3, and Vg, represents af3 for every prime
p by Proposition [£.4] By the Hasse-Minkowski theorem we have that there exists w € V such that
Y(w) = af. Then 7,7, € SO(V), and sn(7,7,) = ¥(v)1(w) = a?B = S mod (Q*)2.

2. Let M C V be a unimodular Z-lattice. We claim that for any prime p, 0(Or(Zy)) = Z /(25 )* x
{(£1}.

If p is odd, then My, ®z, I, represents all of F,. By Hensel’s Lemma , for any u € Z,
there exists v € Mz, such that ¢(v) = u (exercise). We have that 7, € O(Vg,), and we can check
that 7, € On(Zy), and that 0(r,) = (u(Q))?, —1). It follows that 6(Oxs(Zy)), which proves the
claim.

If p = 2, then we need to be more careful, and we omit details. An easy case is when Mz, = H"/?.

By Proposition the set of spinor genera in gen(M) is in bijection with

6'(O(V))\' (Ov (A)) /6 (O (2)). (7.19)
Recalling the definition of 6" (7.17)), this is a subquotient (a quotient of a subgroup) of

@>0\<H/(Qé/(<@§)2 x {il})>/H(Z;/(z;)2 x {£1}). (7.20)

p

Here, Q¢ is the diagonal embedding, and 6’(Oy (A>°)) is a subgroup of the middle term as the
middle term is the target of 6’. Thus if we show that is trivial then spgen(M) will have 1
element, so spgen(M) = gen(M). The {£1} terms all cancel, and after quotienting out by Z) we
are left with the valuations mod 2, so we have that

(H/(QS/(@EV x &H))/H(Z;/(Z;)Q x {£1}) = P(z/22) (7.21)

(ap, €p)p = (vp(ap) mod 2),.

Thus it suffices to show that
Q>0 — EP(z/22) (7.22)
p
r = (vp(r) mod 2)

is surjective, which is obvious, as for any (by), € €, (Z/2Z), only finitely many terms are nonzero.
O
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In general, there are multiple spinor genera in a genus.
The spinor genus is easier to work with than the genus, as the spin group satisfies the strong
approximation property.

Definition 7.12. Let G be a linear algebraic group of Q, and S C My a finite set of places. Then
G satisfies the strong approzimation property relative to S if the map

!/
¢@ — ] 6@ =c@n%) (7.23)
vgS
has dense image.
The strong approximation property is extremely powerful. Here is one elementary application.

Example 7.13. SL,, satisfies the strong approximation property relative to S = {co}.
As a consequence, for any N € N, the map SL,,(Z) — SL,(Z/NZ) is surjective, as we will now
show. If g € SL,,(Z/NZ), it suffices to show that

SL,(Q) N Un (7.24)

is nonempty, where

Uy = {h € SLy(Z) = [[SLu(Z,) | ¥p| N, h=7F mod pr™}. (7.25)
p

But Uy is an open subgroup of SL,, (A*), so as SL,,(Q) is dense in SL,,(A*) by strong approxima-
tion, SL,, (Q) N Un is nonempty. O

The special orthogonal group does satisfy the strong approximation property, but the spin group
does.

Theorem 7.14 (Kneser). If V is a regular quadratic space over Q of dimension n > 3, then Spiny,
satisfies the strong approximation relative to S if and only if there exists v € S such that Vg, is
1sotropic.

For instance, if n > 5, this is automatically satisfied by Proposition [4.4]
Strong approximation allows us to prove some nice results about spinor genera, as we now show.

Proposition 7.15. Suppose M C V is a Z-lattice of rank n > 3 such that Vi is indefinite. Then
spgen(M) consists of a single element.

Proof. Set S = {oo}. Then as Vg = V is indefinite, and hence isotropic, strong approximation
gives that Spiny (Q) C Spiny (A*°) is a dense subgroup.

If M’ € spgen(M), then by definition there exists g = (g,) € Spiny (A*) such that M; =
vp(gp)Mz,. Now, we have that

Stabspin,, (a=)(Mz) = p~ (SO (Z)) (7.26)
is an open subgroup. The translate by g is then an open subset of Spin, (A>), so by strong

approximation there exists 6 € Spiny (Q) such that for all p, p(0)(Mz,) = p(gp)(Mz,). Then
My, = ~p(6)Mz, for all p, so M" = ~p(5)(M). O
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Thus we have found an instance where the spinor genus has only one element. Proposition
gave a situation where the spinor genus was equal to the genus, and Proposition [6.22] gave a
classification of unimodular genera. Combining these results gives the following corollary.

Corollary 7.16. Let M CV and M’ C V' be unimodular Z-lattices of rank n > 4 such that Vg, Vg
are indefinite. Then M ~ M’ if and only if Ve ~ Vi and M, M’ are either both even or both odd.

Proof. By Proposition it suffices to show that M, M’ are in the same spinor genus. But by
Proposition [7.11} it suffices to show that M and M’ are in the same genus. The result then follows
from Proposition [6.22) O

Thus we finally have a criteria to check whether two quadratic modules (or lattices) are equiv-
alent, albeit in a very specific case.

7.3 p-neighbors

Our goal is to develop some sort of classification of unimodular Z-lattices. We have done the case
where Vg is indefinite. The case where Vg is definie is much harder. Let’s discuss the case where
V& is positive definite, focusing on the genus II,, o = II,, of even unimodular lattices of rank n with
n =0 mod 8, living inside the quadratic space V' = (1,...,1). The mass formula shows that
#O(V)\1IL, — o0 as n — 0.

The concept of p-neighbors provides a somewhat tractable way to calculate the elements of the
genus.

Definition 7.17. Let p be an odd prime. We say that M, M’ € II, are p-neighbors if [M :
MAM)=p=[M:MnM|
Let N,(M) denote the set of p-neighbors of M.
Proposition 7.18. Let M € 11,,. There is a bijection
N, (M) < {[v] e P(M/pM) | ¥(v,7) =0 mod p} (7.27)

Proof. If M’ € Np(M), then M/M NM' = M'/M N M’ = Z/pZ, so they are annihilated by p, so

pM CMnM CM (7.28)

pM' CMAM C M (7.29)
Then pM C M’ C %M, so Mz, = Miq if ¢ # p is prime. Consider the map

M' — M/pM

m’ — pm’ mod pM (7.30)

which is well-defined as M’ C =+ M so pM’ C M. The image of this map is

pM'/pM = pM'/(pM' N pM)
=pM'/p(M' N M)
= M'/(M' N M) = Z/pZ (7.31)
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Choose m’ € M’ such that pm’ € M\ pM, and let T = pm’ mod pM. We have that ¢)(pm’,pm’) =
p?Y(m’;m’) =0 mod p?, 50 (v,¥) =0 mod p. Choose another m” € M’ such that pm” € M\pM
and then set W = pm” mod pM. Then as pM’'/pM = Z/pZ, v and w differ by a scalar. Thus
[] = [w] as elements of P(M/pM), so we have a well-defined map between the sets in the statement
of the proposition.

Let’s show the map is injective. Let m’ € M be such that pm’ € M \ pM. We first claim that

1
M =7Zm'+ MM :Z];(pm’)—i—M(pm') (7.32)

where

M(pm/) ={we M | ¢(pm',w)=0 mod p} (7.33)
The first inequality follows from (7.28]). The second inequality follows from the fact that both

M N M’ and M(pm') have index p in M, and M N M’ C M(pm'), so M N M’ = M(pm'). This
proves the claim.

Now, given M', M" € N,(M), m" € M', m" € M" such that pm’,pm” € M \ pM, suppose that
pm’ = pm” mod pM. Then using that pM C M (pm’) and M (pm’) = M (pm”), gives that
M' = M". Thus the map is injective.

Now to show surjectivity. This will be a bit of a sketch. Let 7 € M/pM such that ¢(7,7) =0
mod p. To construct M’ it suffices to find lea C Vo, such that [Mz’) : Mz, N Mz’)] =p, [Mz, :
Mz, N M,] = p, and such that if m;, € M}, \ Mz, , then pm;, =v mod pMz,.

To do so, we first split off a copy of the hyperbolic plane: we can find w € M/pM such that
(0, w) =1 and ¢ (w,w) = 0> Then Hensel’s lemma says that we can lift v, w to v, w € Mz, such
that ¢ (v,v) = 0, ¥(v,w) = 1, Y(w,w) = 0, and Mz, = (Z,v ® Zyw) & N, as we are splitting a
lattice with unit determinant off from a lattice with unit determinant.

We can then take M}, = (7) @ (pw) ® Np. Then the obvious diagonal matrix which transforms
M, — M}, does not change the Gram matrix, and hence is an element of O(Vg, ), so M}, € gen(Mz,,).

O
The next proposition shows that any two elements of II,, are linked by a sequence of p-neighbors.

Proposition 7.19. Let M, M’ € 11,, and p an odd prime. Then there exists M = My, M1, ..., M €
II,, such that

1. For all’L:O,7k7 1, Mﬁ,l € Np(Mz)
2. My € O(V)- M.

Proof. Let M’ € spgen(M), and recall that gen(M) = spgen(M) by Proposition Then
there exists v € O(V) and g = (g4)¢q € Spiny (A>) such that for all ¢, M'(Z,) = vp(g94) Mz,
Then Mz, is isotropic, so Spiny, satisfies strong approximation with respect to S = {p, oo}, so
Spiny, (Q) C Spiny, (A®) is dense. By the same argument as in the proof of Proposition there
exists 0 € Spiny (Q) such that p(6)(Mz,) = p(gq)(Mz,) if ¢ # p. Thus My = yp(6)Mz, if g # p.
If we replace M’ by (yp(6))~*(M’) (which is equivalent to M’ as it is conjugated by an element of
the orthogonal group), we have that Miq = Mgz, for all q # p.

Equivalently, we have that M, /,) = M%[l Jol" In this case, we show by induction on [M : MNM']
that M and M’ can be linked by a chain of p-neighbors. If [M : M N M'] =1, then M = M’ so we
are done.
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Suppose [M : M N M'] > 1, and let p* be the exponent of M/M NM' = (M + M')/M’, so that
pPM C MM, but p*~'M ¢ M N M’. In particular, we have that k > 1. Consider the map

M — M'/pM’ (7.34)

m — pFm.

This is well-defined because p*M c M N M’. It is a nonzero map as otherwise p*M C pM’, so
pP~IM C M’, a contradiction as we are choosing k to be as small as possible.

So there exists m € M such that p¥m € M'\pM’. Then 1 (p*m, p¥m) =0 mod p?, so arguing
as in the proof of Proposition [7.18 we have that

M" =7Zp"'M + {w e M | ¥(pFm,w) =0 mod p} € N,(M’) (7.35)

is a p-neighbor of M’.

We claim that [M : M N M"] < [M : M N M’]. If this holds, then we are done by induction.
The claim holds if and only if [M"” : M N M"] < [M': M nM"], if and only if [M" + M : M] <
[M'+ M : M]. We have that M" + M C M’ + M, so the claim holds if and only if the inclusion is
strict. The strict inclusion follows from the defining formula for M’. O

This proposition is powerful as it allows us to choose any odd prime p. Note how strong
approximation was essential in all this.

Remark 7.20. The proposition gives an algorithm to enumerate O(V)\II,,. We start with some
“base point” lattice. For example, we can choose

1 (7.36)

1

We store a list ¢ of elements of II,. To start we initialize ¢ = (E,,) and choose some odd prime
p. At each step, given ¢ = (My,..., M), we compute all the p-neighbors Ny, ..., N,. of M} using
Proposition @ We test to see whether any M;, N; are equivalent, and add any new equivalence
classes to the list £. Then we calculate #Oy, (Z), and test to see if the mass formula holds.

Kneser used the above method to classify all unimodular Z-lattices of rank n < 16.

Example 7.21. Set n = 24, and let v = (0,1,2,...,23) € Egy. Then ¢(v,v) = Z?io i? =
mod 47. By Proposition [T.18] v is associated to a 47-neighbor L € 11y 4. This L is the Leech lattice,
the unique L € II, 4 with no w € L such that ¢ (w,w) = 2.

By Proposition we have that
#Np (M) =1+p+---+p>7, (7.37)

which is quite large. So instead of enumerating every element of N, (M), we might consider choosing
a random element of N, (M).

Definition 7.22. Let n = 0 mod 8, p an odd prime. Define the graph G, (p) with vertices
V = O(V)\ 1L, and with [M], [M’] joined by one edge for each element M"” € N,(M) such that
M ~z M’ (thus we allow for self-edges and multiple edges).
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Choosing a p-neighbor successively is analogous to taking a random walk on this graph. We can
analyze the mixing time of this random walk using the adjacency operator. Set W = C[O(V)\ I1,,],
and define A, : W — W by A

Ay: W =W (7.38)
M)~ > [M]]

M'EN, (M)

It’s known that we have “fast” mixing of a random walk if and only if A, has a “large” spectral gap
(the gap between the largest eigenvalue and the second largest eigenvalue).

We can define W, A, in terms of automorphic forms. There are a lot of things in number theory
which seem hard to compute explicitly, but automorphic forms allows us to do so anyway. By
Proposition we have that

O(V)\1L, & O(V)\Ov(A>®)/Og, (Z) = O(V)\Ov(A)/Og, (Z x R). (7.39)

So
W = C[O(V)\Oy (A)/Og, (Z x R)]. (7.40)

This is the space of everywhere unramified, Oy (R)-invariant automorphic forms on O(V'). Under
this isomorphism, A, is identified with a Hecke operator

Ty € Cc (O, (Zy)\Ov(Qp) /O, (Zp)) (7.41)

where C, is the space of compactly supported functions on the space, which is fairly well studied. In
particular, the desired spectral gap property of A, is equivalent to a statement about the eigenvalues
of T,,, which is equivalent to the Ramanujan conjecture.

Another relevant set of conjectures which are very important to number theorist are the Lang-
lands conjectures. These answer the questions of which eigenvalues of T}, can appear. The Lang-
lands functoriality conjecture posits that all automorphic forms on Oy can be described as “lifts”
of automorphic forms from other, better understood groups, such as GL,,.

Let’s give some explicit calculations.

Example 7.23. Let n = 16. Chenevier-Lannes showed that Oy \II,, = {[E16, [Es @ Es]}. In the
given basis, we have that

10 1+pt —7(p) [—286 405
A, = #N,, - (0 1) +(4p+P°+0°) ——— 96 405 (7.42)

where 7 is the Ramanujan tau function, defined by the generating series

Alg)=q [ —gm* =" r(m)q™ (7.43)

A is a modular form on GL, /Q, with T,-eigenvalue 7(p). The appearance of 7(p) reflects the
relationship between automorphic forms on GLo and those on Oy, as conjectured by Langlands
functoriality.

For more information see the book of Chenevier and Lannes.
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Theorem 7.24. Let n =0 mod 8. For M, M’ € 11,,, define
Ny(M, M) ={M" € N,(M) | M" ~z M'}
Then “the probability that a random p-neighbor of M is M'” is equal to

ENOLA) _ 140 D) (1)

#Np(M) — m(Il,) p

where O,, is some unfortunate big O-notation, and

1
= 2, FO D)

[M"]€0y\ 11,

1s the mass of the genus.

(7.44)

(7.45)

(7.46)

In particular, when p is large enough, then G, (p) is complete, so any two vertices have an edge.

Example 7.25. Ga4(p) is complete if and only if p > 47.

By doing some number theory in the spirit of what we have described above, Chenevier-Allombot
(2024) have extended the classification of all unimodular Z-lattices of rank n to every n < 28.
Instead of randomly choosing a p-neighbor, they search a specific “region” of the graph G,,(p) which

is more likely to have undiscovered equivalence classes.
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