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ABSTRACT. We study the n'™ centered moments of the 1-level density for the low-lying zeros

of L-functions attached to holomorphic cuspidal newforms of large prime level and fixed weight.
Assuming the Generalized Riemann Hypotheses, we compute this statistic for any n > 1 and for
all test functions whose Fourier transforms are supported in (—2/n, 2/n). This is believed to be
the natural limit of the current technology. Our work significantly extends beyond the trivial range
(=1/n, 1/n) and surpasses the previous record of (—1/(n—1), 1/(n—1)) whenever n > 2. The Katz-
Sarnak philosophy predicts that the aforementioned statistic can be modeled by the corresponding
statistic for the eigenvalues of random orthogonal matrices. We prove that this is the case for
test functions with Fourier support contained in (—2/n, 2/n). The main technical innovation is a
tractable vantage to evaluate the combinatorial zoo of terms, similar to the work of Conrey-Snaith
[CS14] and Mason-Snaith [MSI§|. As an application, our work provides better bounds on the order

of vanishing at the central point for the L-functions in our family.
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1.1. Historical Perspectives. Since Montgomery and Dyson’s discovery that the two-point cor-
relation of the zeros of the Riemann zeta function agrees with the pair correlation function for
eigenvalues of the Gaussian Unitary Ensemble (see [Mon73]), the connection between the zeros of
L-functions and the zeros of random matrices has been a major area of study. It is now widely
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believed that the statistical behavior of families of L-functions can be modeled by ensembles of
random matrices. Based on the observation that the spacing statistics of high zeros associated
with cuspidal L-functions agree with the corresponding statistics for eigenvalues of random unitary
matrices under Haar measure (see [RS96], for example), it was originally believed that only the
unitary ensemble was important to number theory. However, Katz-Sarnak [KS99al, [KS99b] showed
that these statistics are the same for all classical compact groups. These statistics, the n-level cor-
relations, are unaffected by finite numbers of zeros. In particular, they failed to identify differences
in behavior near the central point s = 1/2.

The n-level density statistic was introduced to distinguish the behavior of families of L-functions
close to s = 1/2. Based partially on an analogy with the function field setting, Katz-Sarnak
conjectured that the low-lying zeros (i.e., zeros near s = 1/2) of families of L-functions behave
like the eigenvalues near 1 of classical compact groups (unitary, symplectic, and orthogonal). The
behavior of the eigenvalues near 1 is different for each matrix group. A growing body of evidence
has shown that this conjecture holds for test functions with suitably restricted support for a wide
range of families of L-functions. For a non-exhaustive list, see [AM15, [AAIT15, BBD"17, [DES22]
DPR23, [DMO06, DMO09L [ ERGR13|, [FM15! [Gaol3, [Gii05], [HMO07, TLS99) [KR19, Mil04, MP10l [0OS93,
0S99, RR11, Roy01], Rub01], ST12, Wax21l, Yan09, [You04]. Much of the previous work is focused
on the n = 1 case. We study the n' centered moment of the 1-level density for any n > 1, a
higher-order statistic first introduced by Hughes-Rudnick [HR03] which is combinatorially simpler
than the n-level density.

In this article, we consider the family of L-functions associated with holomorphic cusp forms.
We prove that the Katz-Sarnak conjecture holds for the n*® centered moment of the 1-level density
for this family and for all test functions ¢ with Fourier transform <Z supported in (—%, %), which
represents the natural limit of the current analytic machinery based on the prior works of [HRO03]|
on the unitary family of primitive Dirichlet characters, as well as [Gaol3|, [ERGR13] and [LM13]
on the n-level density for the symplectic family of quadratic Dirichlet L-functions. Proving the
conjecture past this support likely requires new ideas or stronger hypotheses such as the ‘Hypothesis
S discussed in [ILS99, Sect. 10] (or more likely its generalizations, see [MMM24]).

Previously, Iwaniec-Luo-Sarnak [ILS99] and Hughes-Miller [HM07] examined the same family
and statistic addressed in this article (with the former limited to the case of n = 1). Under the
Generalized Rieman Hypothesis (GRH), [ILS99|] prove the conjecture when n =1 for $ supported

in (—2,2) when n = 1, and [HMOT7] prove the conjecture in the restricted range (—L L)

n—17'n—1
when n > 2. In [HMOT7], the authors were unable to handle the new terms which emerge at
larger supports on both the number theory and random matrix theory side (nonetheless, the work
of [HMOT7] addressed some rather challenging combinatorics). Our work develops an approach to
handle all the combinatorial terms that arise when the Fourier support of the test function extends
up to 2/n, thus filling in a non-trivial gap in our current knowledge of higher-order statistics for
the zeros of L-functions in the orthogonal families.

To the best of the authors’ knowledge, apart from this work, the success of a purely combina-
torial venture (i.e., without passing to function field settings in the large ¢-limit and using the
equidistribution theorems & la Deligne and Katz) in verifying Katz-Sarnak’s philosophy through
higher-order statistics is somewhat limited. [CL20] calculate the n-level density for a unitary family
of Dirichlet L-functions. For the symplectic family, Levinson-Miller [LM13] calculated the n-level
density of a family of Dirichlet L-functions for n < 7, extending the work of Gao [Gaol3]. See
also the contributions of [CS14] and [MS18§] in the realm of random matrix theory. The pioneering
work of [ERGR13| and [Ent14] calculated the n-level density for the symplectic family studied in
[LM13] and [Gaol3] and showed it agreed with random matrix theory by passing to the function
field setting. However, their method has not yet been successfully applied to any of the orthogonal
families. Furthermore, the success of this article seems to suggest that the n'™ centered moment
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statistic might offer a viable means to overcome the combinatorial barriers encountered in [Gaol3]
and [LM13] when verifying the higher-order Katz-Sarnak comparison for the symplectic family.

1.2. Number theory setup. We now describe the main objects of study. Let H}(N) be the set
of holomorphic cusp forms of weight k and level N (with trivial nebentypus) which are newforms.
For f € H}(N), denote by L(s, f) the L-function attached to f. The completed L-function is given

by
Als, f) = (g) r (s+k;1) L(s, f). (1.1)

It admits an entire continuation and satisfies the functional equation
A(Saf) = EfA(l_Saf)’ (12)
where €; = £1 is the root number. The family H} (V) splits naturally into two disjoint sub-families:
HE(N) = {f € H{(N):eg=+1},  Hy(N) = {f€ H{(N):ej=—1}.  (13)

For each f € H}{(IN), we denote the non-trivial zeros of L(s, f) by py = % +47s. The Generalized
Riemann Hypothesis (GRH) for L(s, f) asserts that v¢ € R.
As in [ILS99], we take

R = k?N (1.4)

as the working definition of the analytic conductor for the families Hp(N) (e € {4, —,*}). Our
analysis is greatly simplified by all forms in the family having the same analytic conductor. Varying
conductors are easily handled in 1-level calculations, but cause technical difficulties through cross
terms once n > 2, see [Mil04].

The one-level density of f € Hi(N) is a weighted sum over 7y given by

D(rio) = ¥ o (“Ely). (15)
v

where the test function ¢ : R — C is an even Schwartz function whose Fourier transform gg has

compact support. We denote this class of test functions by Se.(R) and ¢ € Se.(R). Because of the

rapid decay of ¢, the low-lying zeros of L(s, f) contribute the most to the one-level density .
As in [HMO07], we use the following shorthand for taking averages over Hp (N):

Qe = QN = o 3 QU (1.6)

R
where o € {+, —, %} and @ is any complex-valued function defined on H}(N), e.g., f — D(f;¢)
defined in (|L.5)).
In this article, we study the n'"-centered moment of the one-level density, defined by
DAN;6) = ( (D(+56) = (D5 0))mew)) )y, (1.7)

where n > 2 is an integer, N is prime, k > 2 is even, and ¢ € S..(R) is a test function. Readers
should keep in mind that the weight & is kept fixed and the level N goes to oo through primes.
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1.3. Random matrix theory setup. Let ¢ € S¢.(R). The random matrix theory counterpart of
the one-level density D(f; @) is given by

f: > ¢ < (0 +27rj)> (1.8)

n=1 j=—o0

where U is an M-by-M special orthogonal matrix with eigenvalues {ew” :n=1,...,M}. In fact,
the eigenvalues of U always occur in complex-conjugate pairs. We have the following correspondence

when comparing ((1.8)) to ((1.5):

M +— log(k*N)
Ue SOM) «— f € Hi(N)
{0 + 275} jez «— {vh
1<n<M

Here, it is more standard to use the notation

Bsoun 2(+59)) == [ Z(Uig)av (19)
SO(M)

instead of the bracket of ( . The Haar measure dU on the compact Lie group SO(M) is nor-

malized to have total measure 1. When Supp(¢) [—1,1], it is well-known that

~ 1 /!~
pa =l Byoun 2(0) = 3(0) + ;5 [ 3 d. (1.10)
- -1
where lim™ := lim and lim™ := lim . Similar to || the n*"-centered moment
M—o0 M— M—o0 M—o0
M= O(mod 2) M=1(mod 2)
of Z( - ;¢) is defined as

Z,(M;¢) == Esoan [ (Z2(-:0¢) — Esoan [Z2( -5 ¢)])" ] (M € N). (1.11)

1.4. Main Results. We are now ready to present our main result, which extends and generalizes
[ILS99, Theorem 1.1] and [HMOT, Theorem 1.6-1.7].

Theorem 1.1. Let k,n > 2 be positive integers with k even. Assume GRH for L(s, f) for all
f e Hj(N), where N is any prime or N = 1. Assume also RH for ((s) and GRH for all primitive

Dirichlet L-functions. Then for ¢ € See(R) with supp(a) C (—2,2), we have

n’n
lim DI (N;¢) = lim* Z,(M;e). (1.12)
N—o00 M—o0
N prime

The moments D (N; ¢) and Z,(M;¢) are defined in (1.7) and (1.11).

Theorem [1.1] follows immediately from Theorems and below. In fact, we prove precise

formulae for each of the limits in (|1.12)) whenever supp(gg) C (—ﬁ, ni -

), where a is an integer

with 0 < a < n/2. These formulae might be of independent interest. To state these results, we
need to introduce the following quantities:

o2 = 2 / W) dy. (1.13)
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and
Rim,i: ) = 2m—1<1>m+1i:21<1>€<?) (-5 00"

£=0
N /oo o /oo (g(xQ) o gg(ajé—i_l) /00 ¢(x1)m*e Sin(277331(1 + |CC2| + -+ |xé+1|)) d.’lj‘l L. d$[+1> ’

2wy
(1.14)

and

L5 : 2\ ¢
S(n,a;¢) = éz_; WRM—%,Q—%;@ (J;) , (1.15)

where ¢ € See(R), 1 < i <m, and 0 < a < n/2.
We first state the number theory result.

Theorem 1.2. Let n,a be integers with n > 2, 0 < a < n/2 and let ¢ € See(R). Under the same
assumptions as Theorem if supp(a) - ( 1 1 >, then

lim Dle,:<Na QS) = l{even}(n) ’ (n - 1)” (0-35)”/2 + S(n7a; <f>) (116)
N—00
N prime
where 1 eyeny(n) is equal to 1 if n is even and is 0 if n is odd.

Next we state the random matrix theory result.

~

Theorem 1.3. Let n,a be integers withn > 2, 0 < a < n/2 and let ¢ € Sc.(R). If supp(¢) C
<— 1 i) then
n—a’n—a )’

lim® Z,(M;¢) = Lieven} - (n— DI (63)"% £ S(n,a;9) (1.17)
M—o0

where 1ieveny(n) is equal to 1 if n is even and is 0 if n is odd.

Hughes-Miller [HMO7, Theorem E.1] prove an analogue of Theorem [1.1|for the full family H; (N)
under the restriction n < 2k. We remove this restriction in the following theorem, whose proof is
given in Appendix [B]

Theorem 1.4. Let k,n > 2 be positive integers with k even and let ¢ € Sc.(R). Under the same
assumptions as Theorem if Supp(qg) C (— L1 ), then

n—a’ n—a

1
li D;(N; = = | lim" Z,(M; lim™~ Z,(M, . 1.1
DN = | 2,000) 4 s 2,010 (1.13)
prime

The moments DF (N; ¢) and Z,(M;¢) are defined in and .

1.5. Applications. As noted in [HMO07] and [Mil09], another application of centered moments is
in bounding the order of vanishing of L-functions at the central point. In Appendix [D] we show
how to use Theorem to bound the probability that a newform with negative sign will have
order of vanishing exceeding some r at the central point. Similar calculations may be done for the
positive sign family. Our results provide the best known bounds (conditional on GRH) for order of
vanishing at the central point when r > 5, surpassing [ILS99, [HM07, BCD™20, [LM23].
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1.6. Proof sketch and structure of the paper. We evaluate the limit using the explicit
formula and the Petersson trace formula. We use the explicit formula to transform the sum over
Z€ros into a weighted average of products of Hecke eigenvalues over primes in Lemma
After removing many lower order subterms with Lemmas and we apply the Petersson trace
formula and study the resulting sums of Kloosterman sums over primes; see . We assume GRH
for L(s, f) when applying the Petersson trace formula; see Remark

Using Lemma [2.2] we convert the Kloosterman sums into sums over Gauss sums. Assuming
GRH for Dirichlet L-functions, we show in Lemma that the terms involving Gauss sums with
non-principal characters contribute negligibly in the limit when supp(¢) C (—%, %) This requires
strong bounds for various character sums over primes, hence the need to assume GRH for Dirichlet
L-functions. Hughes-Miller [HMO07, Thm. 1.1, Thm. 1.3] prove results without GRH for Dirichlet

L-functions for supp(a) C (—%, %) (i.e., the case where a = 0 in Theorem ; we use GRH for

Dirichlet L-functions to extend the support to supp(qub) C (—%, %)
We are left to handle certain smooth sums over primes (Proposition [4.1]) and a convolution sum
of Ramanujan sums (Proposition 4.2). We arrive at Theorem upon very careful bookkeeping of

the resulting combinatorics (see Sections and .
gy 11
T n—1'n-1

as the size of supp(¢) increases. This serves as the primary obstacle to generalizing the work of
[HMOT]. The main insight of our extension lies in the observation that many of these terms actually
vanish in the limit (see Lemma and Proposition. This enables us to ignore the very intricate
combinatorics behind these terms. The remaining terms contribute to the limit and exhibit nicer
symmetries. We are able to obtain an integral representation for the these terms in Proposition
upon making our way through the combinatorial jungle. Our work features many elaborate
combinatorial simplifications that result in exact matching with the calculations from the random
matrix theory side. As with number theory, the key result that allows us to obtain greater support
in random matrix theory is the vanishing of many of the complicated terms which emerge at larger
supports (see Lemma [5.20)).

The structure of this paper is as follows. In Section [2| we review the notations and conventions,
and state some needed estimates. In Section [3] we work with the geometric side of the Petersson
formula with the focus of locating the main contributions in the expansion. We also prove Theorem
assuming two key propositions (Prop. . In Section |4} we evaluate the main contributions
as well as complete the proofs of Propositions [3.6 In Section [5| we work on the random matrix
theory side and prove Theorem [I.3]

In Appendix|Al we prove Lemma regarding the combinatorial expansion for D} (N; ¢) which
serves as the starting point of the number-theoretic calculations. In Appendix [B], we give a sketch
of proof for Theorem [I.4] regarding the non-split family. In Appendix [C] we include more details
for the random matrix theory calculations. In Appendix [D] we use Theorem [I.2] to bound the
proportion of cuspidal newforms vanishing to a certain order at the central point.

Beyond the regime supp(¢) C ( ) proven by [HMO07], more complicated terms emerge

2. PRELIMINARIES

2.1. Notations and Conventions. In this article, e(z) := ¢?™* the Fourier transform and its
inverse transform are given by
o) = [ o@et-ayds, ola) = [ detay) dy (21)
—0 —0o0

for z,y € R. The Mellin transform and its inverse transform are

~ [ Dt de L) = Ns;c*“"ﬁ
3(s) / P lde,  w() /@wo | (2.2)

21
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for x > 0 and s € C in a vertical strip, provided that the integrals of (2.1) and (2.2)) converge
absolutely.
For A C R, let

1 ifzeA
1 = 2.3
{zed} {0 otherwise. (2:3)

We will suppress the argument of a characteristic function when it is clear from context. For

z,y € R, let
1 ife=y
6(x, = 2.4
(z,9) {O otherwise. (24)

For z,y € Z, let (x,y) denote the greatest common divisor of x and y. Set (z,y>°) = max,en(z, y™)
and (z*°,y) = max,en(2",y).
To avoid potential confusion, we adopt the following set of conventions throughout this work.

(1) We will use i’ to denote the imaginary unit (i.e., i# = —1) and “’ for the indices of

summations.

(2) We will use p, p;’s, g;’s to denote prime numbers.

(3) The test function ¢ : R — C is an even Schwartz function with its Fourier transform $
having compact support.

(4) The weight k is kept fixed and the level N goes to oo through primes

(5) A quantity is considered to be negligibly small if it is o(1) as N — oo.

(6) The implicit constants for O, <, >, <, etc. may depend on k, €, n, a, and of course the
test function ¢ (cf. Theorem . We will omit such dependencies to simplify notations.

(7) We shall frequently adopt the ‘e-convention’, i.e., € > 0 is an arbitrary small quantity and
O(N~=¢) - O(N~Cthenare) = O(N~) (say).

(8) We always assume GRH for L(s, f) for any f € H}(N) with N =1 and primes N.

2.2. Analytic Preliminaries. We will frequently encounter the following exponential /character
sums while proving our main theorems.

Definition 2.1. Let m,n,q € Z with ¢ > 1 and x (mod q) be a Dirichlet character. We define
Gy(n) = Y x(a)e(an/q), (25)

a mod ¢q
R(n,q) = Y elan/q), (2.6)
a mod q
S(m,n;q) = Z* e<ma+na>7 (2.7)
a mod q q q

where x restricts the summation to the reduced residue classes a (mod q), and aa =1 (mod q).

The sums Gy (n), R(n, q), and S(m,n; q) are commonly known as the Gauss sum, the Ramanujan
sum, and the Kloosterman sum respectively. When x = xq (i.e., the principal character (mod q)),
we have Gy,(n) = R(n,q). Also, R(n,q) = S(0,n;¢). The Ramanujan sum admits the following

explicit evaluation:
q PY\q
R(n,q) = Y plg/d)d = u<(q n)) (q) : (2.8)
d|(n.q) B ¢ ( (@m) >

where u(-) and ¢(-) are the Mobius p-function and the Euler totient-function respectively. We will
need the multiplicativity of the Ramanujan sum as well:

R(n,q1q2) = R(n,q1)R(n,q2) (2.9)
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for (q1,q2) =1 and n € Z.
The following bounds are particularly handy in showing various sums and integrals to be negli-
gibly small. We have

Gx(n)] < Vg, (2.10)

and

|S(m,n;q)] < (m,n,q) \/min{ 7 1 }T(q), (2.11)

(m,q)" (n,q)

where 7(-) is the divisor function. The bound is a convenient reformulation of a well-known
result of A. Weil, see [ILS99, eq. 2.13].

We often need to handle the Kloosterman sums in more refined ways than merely applying
(2.11). In the context of low-lying zeros (see [ILS99], [HMOT]), it is advantageous to expand the
Kloosterman sums in terms of Dirichlet characters and Gauss sums. The following lemma is a
generalization of [HMO7, Lemma C.1].

Lemma 2.2. Let N be a prime not dividmg bQm. Then
S(m?, NQ; Nb) = ZG Q)X ((QQIM> X(N). (2.12)

Proof. Set r = (Q,b>°) and Q" = Q/r. Then (Q’,b) = 1. Using the orthogonality relation and
opening up the Kloosterman sum by its definition, observe that

S(m?, NQ; Nb) = 2 > Z S(m?, Nra; Nb)
x(b) a(b
1 * m“d * rad
= —0= X(Q') e\~ x(a) | — - (2.13)
Z0p) 2 <N6>g (7)

Making a change of variables a — ad in the a-sum and breaking up the d-sum by d = u; N + u2b
with (ug,b) =1 and (ug, N) = 1, it follows that

1 * m2d
SOnNQNY) = s 3 XQ)G () X e ()
o) d(N)
1 _ * m?u x (m2u
— i S R@G ) Y e (M) e (M) 2
x (b) uy (b) uz (N)
The ug-sum and uj-sum of (2.14)) evaluate to —1 and G, (m?) respectively as (m?, N) = 1. The
result follows. 0

Lemma 2.3. Let x (mod b) be a primitive Dirichlet character. Under GRH for L(s,x), we have

3 Am)x(nn~* = 0. (x1/2(bxt)f) (2.15)

n<x

forany x > 2 and t € R.

Proof. This follows from a standard prime-number-theorem type argument, see [IK04, Chapter 5],
[Dav80], or [MVOT7, Chapter 13]. As a quick sketch, we have

> Awmn = [

n<x P

3 4ix s
" g(s—&-it,x)a;ds%-O(xl/?) = Z

[y—t|<z

pzt

5+ O (72 (bart))
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using GRH and the estimate

L/

f(s,x) < (logbls|)? (2.16)
for —1 < fRe(s) < 2. The desired result then follows from the fact that the number of zeros
satisfying u <y —t <wu+1is < log (b(|u| + [t]). O

The Bessel functions of the first kind occur in the Petersson formula (see Lemma and hence
frequently in this paper. We collect some results for them.

Lemma 2.4. Let k > 2 be an integer. Then the following bounds are satisfied for x > 0:
(1) kal(l’) <k 1,
(2) kal(l') <Lk,
(3) kal(l’) <Lk xk_l,
1
(4) Jp—1(x) <z~ 2.
Proof. See |[GR65, [Wat66]. O

We will also utilize the Mellin integral representation for the Bessel function.

Lemma 2.5. We have .
Ji_ = — Gr_ —d 2.17
k—1(2) 271 Jone(s)e k-1(s)z™" ds (2.17)

forx>0and1—k<c<%, where

Gr_1(s) = 25—1r(k_21+8> /F <k+;_8) (2.18)

Proof. See [GR63, (6.561.14)]. 0

2.3. Automorphic Preliminaries. We collect the essential results from the standard references
from [IK04, Chp. 14], [Iwa97, Chp. 6-7], [ILS99, Sect. 2-3].

Let k and N be positive integers with k even and N prime. Recall that Hp(N) (e € {4+, —, *})
denotes the set of holomorphic cuspidal newforms of weight k and level N, depending on the sign
of the functional equation. From [ILS99, eq. (2.73)], we have the following dimension formulae:

k—1

HEN)| = SN + O((kN)5/6), (2.19)

and
k—1

12
Every f € H/{(N) has a Fourier expansion of the form

\HE(N)| = N + O((kN)5/6). (2.20)
f(z) = Z/\f(n)n%e(nz) (2.21)
n=1

for z e H:={z+iy: 2z € R, y > 0}, where Af(1) = 1. The L-function associated with f is defined
by the Dirichlet series

L(s,f) = Y Ap(n)n™* (2.22)
n=1

which converges absolutely on Res > 1. The completed L-function is given by

A(s, f) = <W> r <5 + k;1> L(s, f). (2.23)

2T
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It admits an entire continuation and satisfies the functional equation
A(s, f) = e A(1—s, f). (2.24)
The root number €; admits a nice formula in our case.
Lemma 2.6. If f € H(N) and N is prime, then
ef = —iFAHN)VN. (2.25)
In particular, we have |A\;(N)| = 1/v/N.
Proof. See [ILS99, eq. 3.5]. d

The following Hecke relations will be crucial in demonstrating that the number theoretic combi-
natorics align with those of random matrix theory.

Lemma 2.7. Let f € H}(N).
(1) For any any m,n > 1,

Am)p(n) = 30 N (%) (2.26)

d|(m,n)
(d,N)=1
In particular, if (m,n) =1 then
Ar(m)Ag(n) = Ag(mn). (2.27)
(2) For a prime p{f N, we have
Ar(p)? = Ap(0?) + L. (2:28)

(8) Forn >1 and a prime p{ N, we have

NS ()= () o, (229

a=0
Proof. Only the last property is less well-known, see [Guy00] for its proof. O

Now, consider

anm) = > A(n), e {+ %} (2.30)

fEHY(N)
Splitting by sign with Lemma [2.6] we have
N 1 1., i*VN
Apn(n) = Z 5(1i€f))‘f(n) = §Ak,N(”) R Aj n(nN) (2.31)

fFEH(N)
whenever N is a prime and (n, N) = 1. We have the following useful form of the Petersson formula.
Lemma 2.8. If N is prime and (n, N?) | N then
Afn(n) = Aj n(n) + AFx(n), (2.32)
where

; B (k—1)N
k,N(n) = 712\/5 On, Oy

L E=DN ) 2ri® ) S(mi’”?c)Jk_l <4w ”jn) (2.33)

m
(m,N)=1 ¢=0 mod N
c>N
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with 60, = 1 only if n = m? with m <Y and 0 otherwise, and Ay (n) defined in [ILS99, Lem.
2.12].

Proof. See [ILS99, Prop. 2.1, 2.11 and 2.15]. O

Remark 2.9. The piece A%y (n) is called the complementary sum. By [HMO7, Lemma A.1],
assuming GRH for all L(s, f) with f € H}(1)UH;(N), the complementary sum does not contribute
in all cases appearing in this paper.

We have the following lemma.

Lemma 2.10. Assume (n,N)=1. Then
1
|Hj (N)]
Proof. We take Y = N€ and write ¢ = bN for ¢ = 0 mod N. Using ([2.19)), the Weil bound ( -
and the bound J;_1(z) < z from Lemma [2.4] the result follows 1mmed1ately

i v(Nn) < y/nN—2te (2.34)

2.4. Density and moment sums. Let f € H;(N) and ¢ € S..(R). Substituting the explicit
formula for L(s, f) (see [ILS99) Sect. 4]) into the one-level density function

D(f;¢) = Z¢<logR ) (2.35)
we have - . log log R
D(fié) = 30) + 30(0) = P(i0) + 0(“EEL). (2.36)
where R = k?N and : .
. ._ -~ logp ogp
P(f;9) = p% Ar(p)o <1ogR> g R (2.37)

See [ILS99, eq. (4.25)] and the relevant remarks of [ILS99, pp. 88] and [HMO7, pp. 129]. Using
(2.36)), [HMO7] expresses the n''-centered moments in terms of sums over primes (see [FIM07, Sect.
2.3]).

Lemma 2.11. If supp(¢) C (—1,1), we have

lim DE(N;¢) = (-1)" lim S"(N) £ (=1)™™ lim  SS(V) (2.38)
N—o0 N—o00 N—o0
N prime N prime N prime

provided the limits on the right side exist, where

st = 3 T1(o(1R) (2o (Tvm) e

Pp1N, ..., pntN j=1

and

s = W Y (6 (112;2)(;;i?ﬁ)></\f(]v)£[1)\f@i)>*- (2.40

PUN,...,putN j=1

Proposition 2.12. Under the same assumptions of Theorem we have

— D)2 ifn i
lim SM™M(N) = (n = 1)og)™= i nis even. (2.41)
N— 0 if n is odd

00
N prime

for ¢ € See(R) with supp(¢) C (—%, %), where Ji is defined in ((1.13)).
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Proof. See Appendix O

Remark 2.13. [HM07, Thm. E.1] prove an analogous result but with an extra restriction n < 2k.

In Sections|3|and |4} we evaluate Sén) (N). The main result is Proposition in which we express
Sé")(N) in terms of S(n,a;¢) (see (1.16)) .

3. PROOF OF THEOREM ASSUMING PROPOSITIONS AND [3.7

In this section, we prove Theorem assuming the key Propositions and We prove

these propositions in Section 4l First we decompose Sgn) (N) (see (|2.40])) into subterms and show
that many of these subterms vanish as N — oo through primes. Then in Section [3.4] we apply
Propositions and [3.7 to complete the proof of Theorem

3.1. Combinatorial expansion and cleaning. We rewrite the sums over primes in (2.40)) as sums
over powers of distinct primes. This facilitates the applications of the Hecke relations (Lemma

2.7) and the Petersson formula (Lemma . More precisely, suppose pi---p, = ¢;" - ~q?‘ in
(2.40), where q1,...,q¢ are distinct primes, n > 2 and £ > 1. We have (A¢(N) [[7_; As(pi))« =

(Af(N) H§:1 Ar(gj)")«. We then apply the Hecke relations (2.29)) to each Af(g;)" and then use
(2.27). Then we remove the distinctness condition from the sum over primes using a delicate
inclusion-exclusion process. We conclude this process with the following lemma.

Lemma 3.1. We have

sUN =3 Y > CamB(i) (3.1)

0<w<n 0<n/<n :=(n1,...,nw) M:=(M1,...,Mmy)
nj>1 m;=n; (mod 2)
n1+-+neo=n’ 0<m;<n;
for some explicit constants Cy s, whereﬂ
s [1(s(58)" (22m)”
n,m) =i 2o
log R VG log R

QiN,...,qutN j=1

<Y "Ié(igiﬁ)(j}%ﬂigg)w(m»* (32)

and
Q= [[<" ] p- (3:3)

Lemma [3.1] is quite involved combinatorially, and we prove it in Appendix [A] In particular, we

carefully decompose Sén) (N) into sums over distinct primes in order to establish the condition

mj < nj in (3.1).

Lemma [3.1] allows us to apply the Petersson trace formula in the following section, as we have
expressed Sén) (N) in terms of the average of a single Fourier coefficient A¢(NQ), as opposed to
the product of Fourier coefficients in the definition . The coefficients Cj 5 are difficult to
calculate in general, but as a consequence of Proposition [3.6] we only need to determine them in

specific cases (see ((3.24])).

1We have omitted the dependence on w and n’ in the notation E(7,m) as it is implicitly contained in 7, m. We
have also suppressed the dependence on N for ease of notation.
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3.2. Cleaning with Weil’s bound and Prime Number Theorem (PNT). The following

result states that E(7,m) contributes to lim x_,oo D" (N;¢) only if “most” of the indices satisfy
N prime
ng =m;j.

Lemma 3.2. Suppose supp(g/b\) C ( nia, nia) for some a < n/2. If n’ > a, then E(ii,m) =
O(N~).

Proof. Let supp(¢) C (—o,0) with 0 < 1/(n — a). Using Lemma and the PNT (with partial
summation), the sum over py,...,py_n in is « N—3/2te (g™ -~ -qZJ”W)l/2 Ro(=n") For 1 <
Jj < w, we have nj —m; > 2 as m; < nj and m; = n; (mod 2). Using the PNT again for the sums
over qi, ..., q in (3-2), we have E(ii,m) < N~1T¢R7("=")_ This is O (N~°) if n’ > a. O

We are now in a position to apply the Petersson formula (Lemma [2.8]) to (3.2). We assume
GRH for L(s, f) so that the complementary sum A?°y does not contribute (see Remark . Since

|H;(N)| ~ N(k—1)/12 from (2.20)), it follows that

2mtin log g logg; \" " llogp\  logpi
E(#i,m) = 3 H( < a) j ) H¢< ) z
VN QN ... qutN j=1 logR) Vajlog Ry o iz 108 R/ Vpilog B

S(m? NQ,Nb) 4rmA/Q -
X Jeo1 [ —2E2) + O(N79), (3.4)
Ty o () Fow

where @) was defined in (3.3) and we set Y = N€. Also, recall that n’ =ny + -+ + ny,.
We impose restrictions to the b-sum of (3.4)) using the following two lemmas. We will also make
use of the following bounds from Section

S(m?, NQ; Nb) <. m*b'2(bN)¢, Jp_1(z) < 2. (3.5)

Lemma 3.3. If supp(qg) - (—Q(%_n,), ﬁ), then the contribution from the terms in (3.4) with
(b,N)>11is O(N™°).

Proof. This is a refinement of [HMO7, Lem. 4.4]. Let supp(¢) C (—0,0). If the b-sum of (3.4) is
restricted to (b, N) > 1, i.e., b = cN for some ¢ > 1, then such a sum is < N~27¢/Q using (3.5).
Combining this with the PNT and the fact that n; —m; > 2, we find that the contribution to ([3.4))
from terms with (b, N) > 1 is <« N—5/2teR(n=n")0 which is negligible when o < % O

n—n'’) *

Lemma 3.4. If supp(¢) C (—i%?,, ;93?,), then the contribution from the terms in (3.4) with
b> N2022 js O(N~12).

Proof. This is a refinement of [HMO7, Lem. 4.5]. Let supp(g) C (—o,0). If the b-sum of (3.4) is
restricted to b > N2022 then (3.5 implies such a sum is

> S(mQaNQ;Nb)Jk 1(4ﬁm> < NTUEE N7 pTS/ze o pl0NSL2te (36)
b> N2022 b bVN b>N2022

When o < 2990 “the contribution of ([B.4) with b > N2022 js « N-10124eR(n—n)r « N=12 yging
(3.6), the PNT, and the fact that n; —m; > 2. This completes the proof.

O
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3.3. Expanding the Kloosterman sums. Suppose supp(qAS) C (—%, ﬁ) for n > 2. In particular,
the assumptions of Lemma [3.3] and [3.4] are satisfied and we rnay impose the relevant restrictions on
the b-sum of (3.4). Also, because R = k*N and supp(¢) (—1,1), the conditions ¢; { N, p; { N in
are automatically satisfied provided the primes N are suﬁicz’ently large, and thus they will be
dropped subsequently. Now, Lemma allows us to convert the Kloosterman sums in into

Gauss sums. We thus obtain

2t logg;\ logg; \™ " (logpi\  logp;
s = 207 5 (0 (0ek) ren) 2 To(E55)
\F =i logR /) \/qjlog R s logR ) \/pilog R
1 1 4rm~/Q _
X — Y =) G (m?)G (@, < — )X () +0(N79).
e ™ e bp(b) O (@b bW/ N
b<N2022

(3.7)

Denote by E(7,1m)|yy, the expression (3.7) but with an extra restriction x # xo in the sum over
x(b). The following lemma shows that E(7,71)|yy, contributes negligibly as N — oo. The shape
of the expansion ([2.12)) allows us to capture cancellations in two different ways: first, from the sum
over x(b) via

Z |G )| < b, (3.8)

and second, the character sums over primes (see Lemma [2.3)). The former follows simply from
Cauchy-Schwarz’s inequality and the orthogonality of characters, and the uniformity of (3.8) in

x,y is important. For the latter, we crucially make use of GRH for the Dirichlet L-functions, and

of course the restriction supp((g) C (—2 2). Additionally, the following proposition corrects an

error made in [HMO7, Lem. 4.7]. "

Lemma 3.5. Assume GRH for the Dirichlet L-functions. If supp(gg) C (—%, %), then

E(7, 1) |ytxo = O (N7°) . (3.9)

Proof. Upon rearranging the sums and taking absolute values, we find E (77, 71) |y, is bounded by

logg;\| logg; \™ Z H logpi\| logp
logR /| \/gjlog R logR /| /pilog R
P1

<y Palb =1

. iy, I DI Z H(

b<N2022 Hqw j= 1
(0,N)=

«Y wom 2 166 (@)
m<N€
- X#Xo

" (logpe\ X(pe) log pe 4mm/Q
% Z H ¢<logR> VPelog R Ji-1 <b\/]v> - (310)

pa+1+b, ...,pn_n/ﬂ) l=a+1

We estimate the sum over py41, ..., pp_pn in (3.10) with Lemma To separate variables, we plug
in (2.17) with s = —1 4 € 4 it. Interchanging the order of sums and integrals and taking absolute
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values, we have that

log pe\ X(pe) log pe drm/Q
2 H ¢<logR> Vhilog R ‘]’“‘1< N >

Pat11b, ..., Dy _ it £=a+1

n—m —o«

 / drmyQ\ . 2 (logp\  X(p)logp
MV (1 —etit . at, (3.11
< /_oo< bV N > [Gra(1 e+ it)] ;;QS(logR DD Zlog R » (311

where
w «
I I » (3.12)
j=1 i=1

and Gg_1(-) was given by (2.18). Suppose supp(gg) C (—o0,0). By Lemma (with partial
summation) and the fact that

log p log b
< 1
Z|; logR — logR’ (3.13)
we find
»(logp\  X(p)logp /2
: o bt)e. .14
qu <Iog R> pletit)/21og R < RE(Rb) (3:14)

By the Stirling formula |T(z+iy)| =<, (1+|y|)*~*/2e~2!¥!, which holds for any z € R—{0, -1, -2,...}
and y € R (see [IK04, eq. 5.113]), we have

\Gk_l(l —€+ zt)| Lpe (14 |t]) 2t (3.15)
for any t € R. Applylng and (| - ) to ( , we have
> H qﬁ(igz;f) X(pe)lloog]z;zjkl (i%@) <<< \ﬁ) Rem)/2(Rp)e.
p(1+1+b7"'7pn—n/fb Z OL+1 g \/ITZ g
(3.16)

From (3.10)), (3.12), and (3.16)), we have that E(7, m)|yy, is bounded by
Re—i—a(n—n’—a)/Q

1 d loggi \™ m. log p;
OSgIS%LX—n’ N Z bf2 Z H(V%ifé;g) qj /2 Z H ng

b<N2022 ©  g1,...qu<R% j=1 p1lb, ..., palb =1

x Y mTe Z |G (m ((Q,0))] (3.17)
m<N¢€
X#Xo
Apply (3.8), > m ¢ < RS, and (3.13) in sequence, the expression above is further bounded by
m<N€

Reto(n—n'—a)/2 w ( log 0 >nj s /2 < log b ) "

max ———————— ———) q.’ . (3.18)
0<a<n—n' N %;<R0gl_[1 ﬁlogR J b<%2:o22 b \logR

The contribution of the b-sum is O(R°). Since nj —m; > 2, it follows from the PNT that
E(7, 1) ytyy < NENOO=0/271 (3.19)
)

which is negligible if o < 2/(n —n’). The result follows. O
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We apply Lemma to (3.7). This leaves only the contribution from x( (mod b) for each b <
N?022 and (b, N) = 1. Note that G,,(z) = R(z,b) is the Ramanujan sum and xo(N) = 1. Hence,
we have under GRH that

2’”r1 log q logg, \" non' log p; log p;
B, ) = J J i i
(7, 7) \F Z H< <logR> \/(leogR> Z ey ¢ (logR) Vpilog R

Hqw =1 PlyeesPp_p! 1=
JR((Q,0%),b) Q 4rmA/Q
x£§€ E: bip(b) m(@ﬂﬂ>%4<mﬁf>
b<N2022
+O (N7, (3.20)

provided supp(ngﬁ) C (—%, %)

We complete the calculation of E(7,m) with the following two propositions, which we prove in
Section [l

Proposition 3.6. Let E(r,m) be as in (3.2)) and suppose that there exists some 1 < j < w for

which nj+m; > 2. Under the same assumptions of Theorem ifsupp(qg) C (—%, %) withn > 2,
then E(fi,m) = O(1/log N).

Proposition shows that many of the terms in the expansion (3.1)) do not contribute in the
limit. We complete the proof of Proposition in Section

Proposition 3.7. Let E(ii,m) be as in (3.2) and suppose w =n' = 0. Under the same assumptions
of Theorem 1, if supp(gb) (—ﬁ, nla with 1 < a <n/2, then

E(ii,m) = (=1)""'"R(n,a; ¢) +O<

(loglogN)2) , (3.21)

(log N)1/2
where R(n,a; ¢) was defined in (1.14]).
We complete the proof of Proposition [3.7 in Section

3.4. Concluding the proof of Theorem We will now demonstrate how to use Propositions

and |3.7] to evaluate Sén) (N).

Proposition 3.8. Let S(n,a;¢) be defined in (1.15)). Under the same assumptions of Theorem

z'fsupp(&ﬁ\) C (—nia, niﬂ) with 1 < a <n/2, then

%WN>=c4w“ﬂmm@+0<

(10g10gN)2> . (3.22)

(log N)1/2

Proof. By Lemma and Proposition M, Sén) (N) is a sum of terms of the form E(7,m) with
nj +mj < 2 for each j up to an error of O(1/log N). Since n; = m; (mod 2), then n; = m; =1
or nj = 2 and m; = 0 for each j. Let Ey(N) denote the term E(i, ) in which n; =2 and m; =0
for exactly £ values of j. We have that

- 2, EG (255

qQUN,...,qetN j=1

VE S TLa () (2 v, 629

PN, pp—2etN =1
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By Lemma the contribution to Sén) (N) from Ey(N) with £ > a/2 is negligible. We thus have

—1
a2 J
n!

SS(N) = ————_Ey(N) + O(1/log N). 3.24
The combinatorial factor 2%:7!2()!(! arises from choosing the indices of the primes for which n; =

m; =1, or nj = 2 and m; = 0. We choose the primes for which n; = m; =11in (;}) ways, and put
the remaining primes into pairs in (2¢ — 1)!! = (2¢)!/(£!2%) ways. Multiplying and simplifying gives
the desired combinatorial coefficient. By Proposition we have that

n—2¢

ik 5 (logpi) (2logp;
! \/ﬁ Z H ¢ (logR) <\/17@10gR) <)‘f(Np1 e 'pn72€)>*

PUN, . pn—2etN =1

_ (_1\n+1 o _ . (log log N)Q
=(-1D)"""R(n—2la—2(;0)+ O ((log N2 (3.25)
Applying (3.25)) to (3.23) and factoring the sums over g; gives
l
loglog N)? ~ (logq \? 4log?q
Ey(N) = (=1)"" | R(n —2¢,a — 2¢; o (loglos V)
«(N) (=1) [ (n @ 10) + ( (log N)1/2 qJ[ZN(ZS logR) qlog*R
(3.26)
A standard partial summation argument gives
- (logq\? 4log’q T
S0 (EL) 2L o [ idan (3.27)
prre logR/) qlog” R —oo
which is precisely the quantity ai given by (1.13)). Applying (3.27) to (3.26]), we have that
n ¢ (loglog N)?
The proposition follows readily upon applying this to (3.24) and comparing with (1.15)). O

Proof of Theorem [I.2. The proof follows immediately from Proposition (2.38), and (2.41)). O

4. PROOF OF PROPOSITIONS [3.6] & [3.7]

Throughout Section we assume supp(a) C (— nia, ni@) with 1 < a < n/2 and we further
analyze the expression (3.20) for E(7,m).

In Section we rewrite the sums over primes in (3.20) into a more analytically tractable
expression. The key quantity to be considered is

47Tm‘/c' ln—[ Di "
B(a) = N~/2 Z Jet i=atl H g;)(logpi) Xo(pi)log pi (4.1)

bW N log R p§/2 log R ’

Pa+1;--Pn i=a+1

where the dependencies on N, m, ¢, b are conveniently suppressed in the notation B(«). We also
set @,.(x) := ¢(z)" for r > 0. The main result is the following.
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n—a’ n—a

Proposition 4.1. Suppose Supp(a) C (—% L ) with 1 < a < n/2. Under RH for ((s), we

have
S n—a\ T m—a logp; \ xolp;) logp;
Bla) = - _1’L - - ]) J J
(@) 27rmf Z < ) Z(; ( )< ) ZmHl <logR pjlog R
0
2log (bx N/(e ] pj)/47rm>
o0 — j=1 dz
_ D, N7 . (4.2
X/x:OJk 1($) n—a—>9y logR logR +O( ) ( )

where the implicit constant does not depend on N, m,c,b, a.

The evaluation of B(«) requires a delicate inclusion-exclusion argument to convert the sums over
primes of into sums over integers which appears on the left side of . This is followed
by Lemma which expresses the sums over integers into integrals via a standard contour-shifting
argument (assuming RH). Then the proof of Proposition is completed by further combinatorial
simplifications. The final step is crucial for matching the calculations with those from the random
matrix theory (see Section .

One must also evaluate the convolution sum of Ramanujan sums in (3.20). This task will be
carried out in Section [£.2] and the main result is stated as follows.

Proposition 4.2. Let ¢ € Sec(R). Then as N — oo, we have

m? & - 0 ™m
T R(1,b)R( 75)/0 Jk_l(y)¢<21g(by¢@/4 )) dy

(bATet o(b) log R log R
B m w(M) 1 [~ , log(k?Q/1672m?)\ dx 1
= ((m,MC’O)’1> i (—2/00 ¢(z) sin (27rx log B ) 5 T 4¢(O)>
. (loglog M)?
O (m (log R)'7? ) )

uniformly for m, M, Q > 1.

The contents of Sections [4.1] and [£.2] are 1ndependent of each other. The proofs of Propositions

6] and [3.7] crucially rely on Proposmons 1] and f.2] They are the subjects of Section [4.3] and
Section respectively. It will be essential to break up the Ramanujan sums judiciously using

the multiplicativity (2.9)) and perform a prime-by-prime analysis with the exact evaluation (2.8)). In
Section we managed to find an integral representation for E (7, 7). The proof of Proposition
follows from the combinatorial simplification in Section

4.1. Sums over primes: Proof of Proposition [4 This subsection is dedicated to proving
Proposition We begin by defining the following quantltles.

Cllo f) = N7V2 % 2 e
Patls-Pn tatyeta+s=2 by|N/ Oﬁg pj
j=a+1

" aﬁﬂ (t logpg>><o(pj)1ogpj ﬁ q3<10gpi> Xo(pi)logp¢7 (4.4)
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and
n

drm, e ] w

o0 o0

i=a+L0+1

Cos) = v Y S S |
Pa+1;--Pa+p ta+17---7ta+[3:2 Ua+ﬁ+1v--~vvn:1 b N/ H pzj

Jj=a+1

" aff g5<tj10gpj> xo(p;) log p; ﬁ d;<10gvi> xo(vi)A(v;) (45)

1,/2 12 :
j=at1 log R ij/ l0gR aipy \08 T v} log R

Observe that C’(a, 3) is a generalized version of B(a) (see (£.1)) as B(a) = C'(c,0). Also,
the expression C(a, 3) is obtained from C’(c, 8) by replacing the sums over primes p;’s, where
a+ B+ 1< j <n, by sums over positive integers v;’s, as well as the weight logp; is replaced by
von Mangoldt’s function A(v;). We have the following relation between C’(«, 8) and C(«, 3).

Property 4.3. We have that

a—1l—a—p
C'(,f) = Clayf)— Y. <”_‘?‘_5>0/(a,5+¢) + O(N™). (4.6)

- 1
=1

Proof. The property follows directly from the definition of von Mangoldt’s function and a parti-
tioning argument. The sum over i in (4.6)) is restricted to i < a—1—a— 3 because the contribution
fromi>a—1—a—fis O(N™), which follows readily from J;_1(z) < 1. O

Property can be applied repeatedly to obtain a relation between (4.1) and (4.5]).

Property 4.4. We have that

n—uoa

a—1—«a
Bla) = Y ( . >C(a,¢)<—1)i + O(N79). (4.7)
=0

Proof. Define
B'(a,n) = EZ% (—1) <” . 0‘) Cla,i) — ;nij (” . a) C'(a,d) j}i%(—nﬂ‘ <;> +O(NT9). (48)

We claim that B'(«,n) = B(a) and we proceed by induction on 7. The base case n = 0 holds by
Property[4.3|and the fact that B(a) = C’(«,0). For the inductive step, assume that B'(a, k) = B(«)
for some integer k£ > 0. This implies

Bla) = Z; (” . “) Cla,i)(~1) — ;Z:: <” . O‘) O (a, i) ]z:(—nj <;> +ON™9).  (49)

We examine the term where i = k£ + 1 and we have
k
n—a) (k+1 n—ao k+1 v
— k+1 1) = -1 k+1). 4.1
(355 )cans DX O I (g [ e CY T N C )

This follows from the identity Zfié (—1)7 (k;rl) = 0, which is an easy consequence of the Binomial
Theorem. It follows from Property and re-indexing the sum using the change of variables
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0 =k+1+ ] that
(n — a) (—1)F1C (a, k + 1)

k+1
= (Z:L‘f>(_1)k+1 (a,n+1 azi;k (” TR 1)()’(a,k+ 14+4)| +0 (N7
- (e g <ki;3ij> (i )mmetsesaons
iz
— (Z J_r ‘;‘) (=D C(a, k+1) — :Z::: (n ; a) (k i 1) (=D (o, £) + O(N 7). (4.11)
=k+

Substituting the last equality into (4.9), we have B(«a) = B’(a,k + 1) and this completes the
induction. O

The innermost sums of (4.5) can be rewritten as follows.

n—a’ n—a

Lemma 4.5. Under RH for ((s), if Supp((;Aﬁ) (

= G ()

) then

7 <47Tm1 /cuy - - - Un_n>
k—1

V1yeeyUn—n b\/N
B bWN I IL! o An=n\/(7 = T (logui\ xo(vi)A(v;)
= 2rma/e Z_: ]Z/ (=1¥ 7< j ><7> vl,.§=1 il_Il¢<10gR) vilog R
o0 —— [ 2log(bx\/N 4 d
y /IZO qu(m’)@n—n—y ( og( x\/W/ wm)> log:cR L0 <N1/2—e)’ (4.12)

where the implicit constant does not depend on N, m,c,b.

Proof. This is a generalization of [HM07, Lem. 4.9]. Open up the J-Bessel function on the left side
of (4.12) with the Mellin inversion formula ([2.17]):
4 —S
b1 (5) < ”m*ﬁ) ds. (4.13)

1 i%legv) Xo(V)A()
210 Jore(s)=1 | = \log R/ v(1+9)/2log R b/ N

Under RH, a simple contour-shifting argument (or see [HMOT, eq. (4.34)]) gives

n=mn

> logv\ xo0(v)A(v) 1—s
= —1 4.14
;QS <10gR> v(1+s)/2log R ¢ 47ri ogR) + £(s), (4.14)
where
o 1 (2z—1—s)logR\ L'
E(s) = 277 I 3/4<Z>< = ) 7 (z,x0) dz. (4.15)

As a consequence, (4.13) becomes

1 1 e drmy/c\ " °
STt IOgR)”(Sﬂ G (5

v=0
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where the last line follows from the Binomial Theorem. Now, [HMOT, eq. (4.43)] gives the bound

1 1- e drmy/c\ " °
= 1 TG, N—n—7y)o/2+e 4.1
.- Ms)lqs( = ogR) £(s)G 1<s>( b m) ds < . ()

which is in turn O (Nl/Q_E) when v >a—n—1and 0 < 1/(n — a). Hence, (4.13) is equal to

a_znfl (n ; 77) /sm(s)_l ¢ <14m log R> Gl (42\77}[) - % +0 (Nl/Q—f) ,

v=0

(4.18)

For integers v, n with 0 <~ < n, we define

o Y _
5 (logw Xo(v)A(v) 1—s n=y drma/c\ ~

T(y,n) = logR) G ‘
) /E)Re(S)l [;¢ <log R) v(1+9)/2]1og R ¢ 47 8 k-1(8) N 27TZ
(4.19)

It follows that is given by
—n— v '
3 ( )Z(—w”(?)ﬂm—n) + 0 (NY2)
7=0 J
-~ n—=n\/(J /
)77 _ 1/2—e
- ¥ < ; ) <7)T(7,n n + 0 (N ) (4.20)

0 Jj=v

’Y:
using the formula for £(s) in (4.14)).
In (4.19), applying the formula [;° Jy—1(2)2* dz = Gp_1(s) with the change of variable s =
1+ 4t, it follows that

b\/N &0 *tIOgR = > R ~ logvi Xo(vi)A(vi)
Tlhm) = 8m2m./c t:m(b( AT ) Z H¢(logR> 0 oe R

V1,...,Uy=11=1

a—

47rm\f> /°° y

Jr—1(x)z" dz dt. (4.21)
( bWN 0
Upon rearranging and a change of variables u = —tlog R/(4m), we have

v
~ (logvi\ xo(vi)A(vs)
HQS(logR) v;log R

i=1

Tly,n) = 27Tm\f Z [

U1, ’v’Y_l

) /oo @) <2log (bxy/N/cvi - vy Jdmm) ) dz (4.22)

-0 log R log R’

Now, (4.22)) and (4.20]) lead to the desired claim. O
Next we apply Lemma to C'(a, B).
Property 4.6. We have

(") ctan = zjl D(a.5.7) [a_a§7_1<—1>i A TGl T )]
+0

=0

(N7, (4.23)
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where D(a, 5,7) is defined by

+B+
b = = T (tilosns ) xo(py)logn;
e 2 2 2 I (0w ) i @2
Pa+tlssPatBtry tatistatB=2 tatp+1statpty=1 j=a+B+1 pj 108
oo — 2log(bzV' N" /47mm) \ dx
Jp— D, 0 g 4.25
X/Z,Okl(x)naﬁ’y( log R logR’ ( )
and
« (2
N" = N/(epgi - i) (4.26)
Proof. Applying Lemma to (4.5)), we have
. B a—a—p—1 a—a—p—1 i n— o — ,8 j .
(@B) = >, Dpy)| Y, (-1 . +O(NT).  (427)
¥=0 J=y J v
The property follows from the re-indexing i = j — v and simplifying. O

Remark 4.7. The three multiple sums of (4.25)) can be interpreted as follows: the first o primes
are those that divide b; the next two sums involving 8 powers of primes are those left over from

converting to sums over integers; and the last sums over - integers are those leftover from applying
Lemma [£.5

We apply Property to the formula for B(«) described in Property
Property 4.8.

a—a—1 a—a—90—1
n—ao n—ao-— e
s = > (") X e (" )Z “(D)ptes - o).
6=0 i=0
(4.28)
Proof. The property from applying Property [4.6) - to and collecting terms with 6 = 8 +~. O

We now eliminate the sums over prime powers in . Define

. 2log(bx+/N/(cp1 - -ps)/4mm) dx
G 5 = J] n a—0
(a,0) 27””\[},12,,6/ e—1( ( log R log R
1)
y Oﬁ 3 logp; \ xo0(p;)logp; (4.29)
log R Dj log R ’ ‘

which is obtamed from upon specializing all ¢;’s to be 1 and re-indexing. The expressions
D(a, 8,7v) and G(«, 9) (With 0 = B+ as above) satisfy the following recursion:

Property 4.9. We have
)

Gla,d) = Z(—né—”f(j)D(a,a—m). (4.30)

v=0
This can be deduced from a more general result:

Lemma 4.10. Let f(t1,...,t,) be a symmetric function which takes as an input a finite sequence
ti,...,tn of arbitrary length and define the following transform T (i,j) on f:

TG, (f) = Z Z Flt, o tiys1,. .., 85). (4.31)

t1, =2s51,...,55=1
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Then
n n
> () T ) = s (132

i
i=0
where [1]™ denotes the sequence of 1’s repeated n times.

Proof. We proceed by induction on n. The base case n = 1 holds immediately. Assume the result
holds up to n and define a new function g(t1,...,t,) = f(t1,...,tn,1). Then

O = g(]™

- i () Z Z Ftr, .ty Sty Sn_in1)

=0 sti =2 81,.,8n—i=1

= 3 (D) (DTGt 100 + )T L 1= G+ D))

. 1
=0

(AR, . n+1
— Z(—l)’T(i,n—i— 1 —z’)(f)( ) ) (4.33)
i=0

This completes the induction.

([
Proof of Property[{.9 A special case of Lemmal.10} take f([1]°) = G(«a,d) and T (4,5) = D(a, i, j).
U

Applying Property to (4.28) gives the following relation between B(«) and G(a, ).
Property 4.11. We have

) = agl <” 5 O‘) a_g_l(—ni (” N j‘ N 5) G(a,9). (4.34)

Proof of Proposition[{.1. Substitute (4.29)) into (4.34)), the result follows.

0

4.2. A convolution sum of Ramanujan sums: Proof of Proposition This is a general-
ization of [ILS99, Sect. 7] and [HMO07, Lem. 2.12]. We take this opportunity to correct typos and
include more details that were omitted in previous works.

We first claim that the left side of is equal to

, R(1,b)R(m*,b) /‘” 2 (2log(byv/Q/4mm)\ dy
lim Z - Jr—1(y) o . (4.35)
e—0 (b AT w(b)b 0 log R log R
Since gg is compactly supported, the b-sum and the y-integral of (4.35)) in total is bounded by
= m? / dy mPROM &1
S < : (4.36)
; $(0) Jyempo® log R~ /Qlog R b; p(b)b

where the bounds |R(1,b)| = 1, |[R(m?,b)| < m?, Ji_1(z) < 1 (see and Lemma are used
above. The last b-sum converges because ¢ (b) > b/loglogb (see [Apo76, Thm. 13.14]). Our claim
now readily follows from the Dominated Convergence Theorem.

Apply the Mellin inversion formulae and (| - ) to the integral of (| . We have

/OOO Jk—l(y)ﬁz’ <210g(bi/0\g/;/4ﬂm logR> / ¢(xlog R) ( \F)élmw 11: Eg :L i:i; ?x |
4.37
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Substituting (4.37) into (4.35) and interchanging the sum and integral, we have

. o 2rm\ ™ T (& — 2mix) ]
(4.35) = 151(1) /_OO ¢(zlog R) ( \/@) T (% T omia) X, (€ + 4miz;m) dx, (4.38)

where the Dirichlet series

m2
Xo(sim) = > R(L b R(m”, b) (4.39)

converges absolutely on the half-plane fRes > 0.

We evaluate the integral of asymptotically by breaking it into two pieces: one for |z| < X
and the other for |z| > X. The first piece can be handled by Laurent expansions while the second
piece contributes negligibly due to the rapid decay of ¢. We must carefully keep track of the
dependence on m, M.

By , the Dirichlet series can be expressed in terms of an Euler product

t S i m) =
X (55m) = H S ML) ) el

= et 1 i) if (p,m) > 1

(p,M)=1 'S

on Mes > 0, where the second equality follows from the facts that R(1,b) = u(b), R(m?,1) = 1,
R(m?,p) = —1if (m,p) = 1, and R(m?,p) = p(p) = p — 1 if (p,m) > 1. Moreover, (4.40) can be
written as

o =) W) I (- 2) ()

p p|M |(m7]\4oo)
= xW(s) - xP(s) - X (s:m). (4.41)

This corrects a mistake made in [ILS99, pp. 99] regarding the factorization of x,,(s;m). For
this reason, the relevant Laurent expansions must be re-computed and the correct results can be
obtained as follows.

For SRe s > 0, it is easy to verify that

1
YD(s) = 2 " 23 1;[ < N 1)) . (4.42)

For s = O(1), we have

((g) — (g1 1
W) = (s o0 << I (14

p

> (|s|)> = s+ 0Q). (4.43)

Define Cy(s) := ] (1 —p~%)~L. In particular, 3s(1) = M/p(M). For any s = O(1/loglog M),

we have

CM(1+s)-¢§WM) =11 L—p” =11 <1 +0(|s|1°§p>)_

— 1
i 1=p 0 (Is52) i

1
=1+ 0|(IsI> 222) = 14 0(s|loglog M). (4.44)
pIM
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From this and (4.42)), it follows that

M 1o\t
@) = 2 otsogtos - S w@ T (14 571)  + 0ds)
p|M
M
. g05\4)(1 + O(|s|loglog M)). (4.45)
Suppose m/(m, M) > 1. For s = O(1/logm), we have
H 1-p7%) < H |s|logp < |s] H log p. (4.46)
Pl G 3y Pl iy Pl iy
Observe that
1 loglogl
log H logp < Z loglogp <« (log m) log log ogm’ (4.47)
- loglogm
p|m p=0(log m)
which implies
H (1-p~%) < |s|m (4.48)
Pl iy
for any € > 0. E| When m/(m, M>) = 1, we have [], Pl ey (1 —p~*) = 1. In other words,
YO (sim) = 0 — 1) + O(|s|m®). (4.49)
M (m7Moo)’
Altogether, for |s| < X < 1/((logm)loglog M), the following estimate holds:
oy - eM) m ¢
xulsim) = 25 5((m’Moo),1> + o(m ) (4.50)

From [GR65, eq. (8.322)] we have

() () Lol e

For s = € + 4mix with €, x < X, we have

(E — 2mix) m —dmix o
Xas(51) i(g + zmx) B (ps(]]\\j)d ((m,MOO)’l) <];> +0 (m ) ' (4:52)

Make a change of variables x — —z and use the evenness of ¢, we have

2mm \ ¥ T (f - 27rix) -
/ qulogR)(\/Q) mxkl(e+4mx7m) dx

We move on to bounding each of the three products over primes in (4.41) for s = € 4+ 4mix with
lz] > X.

The last infinite product and ¢(2+2s)~! in (4.42) are clearly O(1). Using the bound ((1+s) <
log |z| for |z| > 3 (see [Apo76, Thm. 13.4]) and (1 + s) = O(|s|™!) as s — 0, we have

YD (s)] < [C(1+43s)] < X 'log(3+ |z]). (4.54)

2In this proof, we distinguish e with €' for clarity.
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Next, observe the inequality

log [ ’1+ — > log (1—) Z— + O(1).  (4.55)

p|M p|M
p>2 p>2

From the identity (a(1) = M/p(M) and Taylor’s expansion, one easily obtains

M 1
log —— = 3 —— + O(1). 4.56
S000) > P (1) (4.56)
p|M
As a result, we have
M
4.55) < log 4+ O(1) < logloglogM + O(1 4.57
G+ oW (1) (457
using the bound ¢(M) > M/loglog M ([Apo76, Thm. 13.14]). We may deduce that
|X(2)( )| < loglog M, (4.58)

where the implicit constant is absolute. The estimate for X( )(s; m) follows from a similar argument.
So, we have that

X (s;m)| < X~ 'm¢ (log log M) log (3 + |]) (4.59)

for any ¢ > 0.
Equation (4.59) and the decay of ¢ imply

27rm>47mC r'(%& - 2nix)
V@ r'(% + 2mix)

< X_lmel(loglogM)/ (zlog R) *log (3 + |z|) dz
X

x

/OO ¢(zlog R)x,, (€ + 4mixz;m) <
X

< m¢ (loglog M)(X log R)™*, (4.60)
as well as
00 k\/@ Amix dl' [e’e) 1 A A
1 —(xl d X1 4.61
/X o(zlog R) <47rm) | < /X x(x og R) r < (XlogR) (4.61)
for any A > 0.

Combining the estimates and ([4.53)), it follows that
4mix
1.35) — 5<( m ),1>‘p hm/ gbmlogR)(k\/Q) dz

m, M el0 4mm € —4mix

+ O (m (loglog M)(X log R)~ ) + O (melX> (4.62)

for any ¢ >0, A > 0, and X < 1/((logm)loglog M).
Taking A = 1 and X! := (logm)(loglog M)(log R)/?, and following the same argument of
[ILS99, pp. 100], we may now conclude

m & og (k? n2m? x
@B - (1) 2 (4 [ ot (e 2 L) 1)

o (loglog M)?
+0 (m (10gR)1/2> . (4.63)

The proof of Proposition [4.2] is complete.
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4.3. Proof of Proposition (3.6, Suppose n; + m; > 2 for some 1 < j < w in . Firstly,
applying Proposition 4.1} E to (3.20) with ¢ =p1 -+ pagi™ -+ - ¢, we obtain

n a+d
i) = logg; \"™ log"’ g; = logpi\ logp;
n m o Z H < log R) (n] +m])/2 g’ Z H logR ) pjlog R

q1,--qw j=1 <sPa+s =1

1 R(m JO)R(p1 -+ pag™ -+ gy, b)
o 1
> > o)

m<N¢ (0,Npat1-Patsqo+1-quw)=1
P1ye-5Pasq15e-5q0 b

* — . T
X / Jp—1(z)® (2 log(bz\/N/(p1 - - patsd) ) /Amm) \  dx
0

n-a=d log R log R
(4.64)

up to an error O (N—¢). The condition b < N20?2 has been removed at a negligible cost.

Secondly, we convert the sums over ¢; and p; in into sums over distinct primes, requiring
us to break up the sums depending on whether some of the primes in the sums are equal or not, as
well as the order of the primes factors of b. It follows that E(i,7) is a sum of terms of the form

- logg; \*“ log® g, 1 R(m?2,b)R(q} dr ., -q% . b)
raieda = 0 [[a(pEe) e s Ly
qu e t j=1 log R Qj] log JRmSN6 m (b’,qu qg) 1 gO(b)
§ 1stinc

b=b'qy" gk~
o0 [ 2log(Vx\/Ngi* - q;* JA4mm) \ 4y
Jp— D, 4.65
% /x:() k1) log R log R ( )

up to an error term of size O (N~°), where a;, b;, ¢;, and d; are positive integers, and the e;’s are
integers. Additionally, we have that ) a; = v and b; > 1 for some ¢ (since nj +m; > 2 for some

Jj), as well as b; > d; for all j (since n; > m; in (4.64))).
As a result, the proof of Proposition [3.6] rests on the following lemma. In fact, this lemma will
also be useful in Section [£.4]

Lemma 4.12. Let F(d, 5, c, CZ; €) be defined as in (4.65)) with a;,bj,c;,d;’s being positive integers,
e;’s being integers, b; > dj; for all 1 < j < k. Ifb; > 1 or d; < ¢; for some i, then F(d, g,E,cf,é’) <
1/log N.

Proof. Using the multiplicativity of the Ramanujan sums and the totient function ¢, observe that

R(m*b)R(g{" ---qi,b) _ R(gf*---qi, g ---q) R(m* V)R(m? qf* - g ) R(1, V)
(D) olgr -+ q) (V)
where b = b'¢f* --- ¢ and (M, Ngq1---q/) = 1. Apply (4.66) to (4.65). This allows us to rewrite
F(a Bad”) (WlthQ—qul‘--qZZ) as

J4 ; ; d
- (logg;\*“ log™ g R(qi" gl qi" - q&r) R(m?, ¢ - - - &)
> qTe(lEn)” ee s At i
Q00 j=1 & 4a; log" R e Yl ®

q; distinct

R(m2’b’)R(1’b’) /00 <210g(b/$\/7/477m)> du
x J v (467
(b/,N(hZ.:.q[)l ()O(bl) x=0 h- 1( ) IOgR 10gR ( )

. (4.66)
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By Proposition observes that the sum over o’ in (4.67)) is < m¢, and hence, (4.67) is

- (logg;\*“ log" g;

d "
IR(q" - g, q - q&)| |[R(m?, qf* - - q)|
T log R

m<IN€ QO(QTI e q,i"”") m2=e

< Y II

q1,---,9¢  j=1
q; distinct

(4.68)
The last m-sum is bounded by

1 Rz,szaz Rz’zRZdi’iCi
> | (T3 MRl o [y )

(m/,q1-pi)=1 i=1t>0 i) i=1t>0 @(Qi )
(4.69)
once again due to the multiplicativity of the Ramanujan sums.

We now analyze the sum over ¢, primarily relying on to bound the Ramanujan sums. When
2t < ¢; — 1, then R(¢?,q;") = 0. When 2t = ¢; — 1, then R(¢%, ;") = ¢?'. When 2t > ¢;, we have
that R(q7",¢;") = ¢(q;*) < q;'-

The sum over t is O(qftci/ZJ) when d; > ¢;, and is O(qi_lﬁtci/%) when d; < c;, where the bounds
\R(qfi,qfiﬂ < ¢(g;") and \R(qf gt < qfl ¢ were applied respectively. Therefore,

Q1,4

log ¢j \“
log R
q; dlstmct N

< }il; ,&@;y

log®i q;
q?j+77j_€LCj/2J log% R

F(@,b,¢ d,e) <

log™ p
pbit —ele;j /2] log% R

(4.70)

where 7; = 14,<.;. Observe the following:

(1) Set xj :=bj +n; —€|c;j/2]. The sum over p in (4.70) is O(1/log® R) when x; > 1, and is
O(1) when z; = 1.

(2) Suppose dj > c¢j. By assumption, we have b; > d; and so b; > ¢;. If b; = 1, then z; =1,
and if b; > 1, then x; > 1. Suppose d; < ¢;. Then x; > 1.

In particular, x; > 1 always holds and each of the p-sums in is O(1).

By our assumption, there exists 7 for which either d; < ¢; or b; > 1 hold. In either case,
we have x; > 1 and the i-th factor in is thus < 1/log” R < 1/log N (since a; > 0 by
assumption). Taking the product over all j’s, we may now conclude that F(d, b,c d, €) < 1/log N.
This completes the proof of the lemma. O

Proof of Proposition[3.6 . By Lemma and the arguments preceding (4.65), E(7i,m) can be
written as the sum of finitely many terms of sizes O(1/log N) whenever n; +m; > 2 for some j.

Note that the number of such terms is independent of N. This completes the proof. O

4.4. Analytic simplification of the main contribution. Recall the expression (3.20)) for E(7i,m)
and the fact that the main contribution comes from terms with w = 0 and n; = m; = 1 for all
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1<53<n,ie.,

S log p; log p;
¢< ]> R(m* b)R(p1 -+ Pasb
1;[ logR ) /b; long;VEm (b; JR(p1 )

b<N2022
P1sesDalb

B 4my/p1- Pn logp;\ xo(p;)logp; _
1/2 j j j €
x N > Jk1(> || ¢<1ogR b, log R + O(N79).

Remark 4.13.

(1) The coefficient (Z) comes from the choices of indices for the prime factors of b.
(2) We have truncated the a-sum in (4.71) to 0 < o < a — 1 because the contribution from
a > a— 1 the term is O (N~¢), which follows from the bounds J_1(7) < x, R(m?,b) < m*

and R(p1 -+ Pa,b) < ¢(b).
Applying Proposition to (4.71), we have, upon simplification,

A= —om i (Z) a_fl <" 5 “> a_(g_l(—l)i (" N ‘: - 5>H(a, 5+O0(N), (472

a=0 6=0
where
a+d
- (logp;\ logp; 1 R(m?,b)R(p1 - - - pa, b)
H (5 = J J _ ) )
(@) Z H¢(logR>pjlogR Z m2 Z ©(b)
P1yePats j=1 m<N¢€ (byNPaJrl"'pal;a):l
P1,--Pa

. /oo — <2log<bxﬁ/(4ﬂm¢m))> de (4.73)

Jp— L N .
-0 k-1(2) o log R log R

The rest of this subsection is dedicated to proving the following lemma.

Lemma 4.14. We have that

H(a,8) = —271727( / / O(w2)  (Tasss1)

« |:/ ¢n—a—5(x1)81n (27T$I( + |$2| + et |xa+1| — |$a+2| - $a+6+1|))dx
2mxy
1 n—a—9§ (log log N)2
- = 0)|dzy---d Ol ———. 4.74
0 dny- s + 0 (R (4.7
First, we transform the sum over the primes p1, ..., pats in H(a, d) to a sum over distinct primes.

Property 4.15. A distinctness condition can be added to (4.73) at the cost of an error of size
O(1/logN).

Proof. The distinctness condition can be imposed to the sums over primes of by inclusion-
exclusion, depending on which primes are equal. If p; = p; forsome 1 <7 < o and a+1 < 5 < a+9,
then the corresponding term of H(c,d) is zero due to the condition on the b-sum.

Without loss of generality, we let p1 -+ po = ¢i* -+ ¢’ and pat1 - Pats = qafﬁl e qZ?‘J’rgf,,
where the primes ¢; are distinct and at least one u; > 1. To add in a distinctness condition to
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H(,6), our inclusion-exclusion introduced terms of the form

QIMI(Z) <log qj>“7 log" ¢; 1 R(m?,b)R(q}" - - qZ?/,b)
q1;--59a/ 16/ j=1 logR qjj log 'R m<N€ m (O,Nqp 110 151)=1 (p(b)

q; distinct w u s
! 4 s, b

~ [ 2logbav N rmyJa ) an
X/ Jk—l(-r)q)n—a—é
=0

log R logR’

(4.75)

After breaking up (4.75) based on the multiplicities of the prime factors of b, we appeal to
Lemma and find (4.75) is O(1/log N) since at least one u; > 1. This completes the proof. [

Upon inserting the distinctness condition to H(«,d), we break up the terms based on the mul-
tiplicities of the prime factors of b. Consider the b-sum of over b’s of the form b'p* - - pe,
where (b',p1 -+ pa) = 1. Due to Lemma if any of the ¢;’s is > 1, then the corresponding term
is O(1/log N). Thus, it suffices to consider the case when each of the ¢;’s is 1, i.e.,

a+d 2
~ (logp;\ logp; 1 R(m?,b)R(p1 -+ pa,b)
H(a,5) — [[é(2) %> = >
PlsePats j=1 log i Pj log I m<N€ m b=b"p1---pa go(b)
pi distinct a (V' ,Np1--Pats)=1

o0 —— ([ 2log(bzV/N/(4mm\/p1 Pate)) | dz
X Jk_l (x)Qn—a—(S
o log R log R

+ O(1/log N).

(4.76)

The b-sum can be simplified with the multiplicativity of ¢ and the Ramanujan sums, R(q,q) =
©(q), and the conditions b = b'py - - - po, with (', Np1 -+ pays) = 1. In fact,

R(m?, b)R(p1 -+ pasb) _ R(m?,Y)R(m? pr - pa) R(L V) (4.77)
0 o) | |

Applying this to (4.76]), we have

a+6
» (logp;\ logp; 1 2
wed) = 3 T16(00R) pies X, mknom)
Plse-Pa+s j=1 log R pj log i m<Ne m
p; distinct

2 1/ / o) I /
" Z R(m*,b )/R(l, ') / o ()P 2log(V'z/Q/(4mm))\ dz
o(V) m log R log R
(t/,Np1-+Pats)=1

=0
+O(1/log N), (4.78)

where Q = Np1 -+ pa/(Pa+1 - Pats)-
We are ready to apply Proposition to the sum over b’ in (4.78]). We first show that the con-

tribution of the error term of (4.3) to H(«,d) is O (%). Indeed, using the multiplicativity

of the Ramanujan sums, the m-sum in this case is

R(m2,p1 -+ Po log log N )2 log log N )2 ) R(p?, p;
> (m®,p1---pa) .(loglogN) < (loglog N) 3 I (P, pi)

5 -m 2—e —€
m (log N)1/2 (log N)1/2 (m’) i1 | >0 p§2 &

(m/, p1--pa)=1

(loglog N)? < ZR(pft,pi)

1/2 2—e)t
(logN)/ i=1 | t>0 pz( )

(4.79)
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When t = 0, R(p?,p;) = R(1,p;) = 1. When t > 0, R(p?,p;) = ¢(p;) < p;. From this, it is clear
that the sum over ¢ is O(1) (independent of p;) and the sum over m is O (%). Our claim
follows by also considering the sums over primes and thus,
a+d
~ (logp;\ logp; m (M)
H(a,8) = ! : —R § 1
(@) = 3 H¢(1ogR>pjlogR > ot ) (1) £
P1,--;Pa+6 ]:]_ <]\f6
p; distinct

1 [ b log(k*Q/167*m?)\ dx 1, . (loglog V)2
(oot (ne LR e geor ) wo (g )

(4.80)

where M = Npj - Do+s-
The factor § ( (m,mTw)’ 1) and the fact that N { m force m in (4.80)) to take the shape pff S aajgs
Additionally, the observations Q@ = Np1 - - pa/(Pat1 - Pats) and

4 ()

j=1
permit us to simplify (4.80) as
a+6 2t 2t
- (logp;\ logp; 1 R(pi"' - pa®,p1° " Pa)
H(O" 5) - Z H ¢ <log}%> p~logJR b ]7 Z ' 2ty - 2ba45
P1s--Pats j=1 J J 0<t1,. tats<elog N Pl Pats
p; distinct
L[> a5 log p1 logpa  logpa+t1 10g pa+5 dx
< [ == n—a—4 2 1 e _ e
< 2 /_OO #(@) Sm< mg( + log R toet log R log R log R 27w
1 o (loglogN)2
~p(0)nod O|———F+]. 4.81
+qo0r?) w0 ((ERED (4.81)
Next, we show that the contribution over the complement of t; = --- = t445 = 0 in (4.81) is

negligibly small. Indeed, upon inserting an absolute value, the quantity of interest is bounded by

a+d 2t 2t
logp; [R(pi" po)l - | R(pa po)
ma Y ] > ]
! ot 2ty ’ 4.82
Isigats , < sPats j=1 pjlog R 0<t1,...,tats<elog N prt -paJr(}La ( :
pi<R ;70
which is equal to
a+é 2t;  s;
logpj ‘R(pj D )|
max H Z — 5 Z 2t | (4.83)
1<i<a+d j=1 pj<R p] 1Og R 5(i,j)§tj§€10gN pj !

where s; =1for1 <j<oaandOfora+1<j<a+d.

We have |R(1,p% )| = 1 when t; = 0, whereas the sum over t; > 1is O(1/p;). When j # i, the
sums over t;’s and p;’s are both O(1). When j = i, the sum over t;’s is O(1/p;) as the term with
t; = 0 is absent. As a result, we have

log p; |R(p;", p") :
Zp-logZR > T < Z 21 DL« 1/1og N. (4.84)
’ 1<t;<elog N P pi<R P

Upon taking the product over j, we deduce that - is O(1/log N). Our claim follows.
It remains to consider the contribution when ¢; = --- = t,45 = 0 (and so m = 1). In this case,
we approximate H (1-1/p;) in - 4.81)) by 1 as the contribution from the rest of the terms in the
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expansion of such a product is negligibly small. More precisely, we have

a+6
B o » (log p; log p;
Hod) = (-1 Y H¢(1og3)pjlog3

P1y--sPa+6 ]:]_

p; distinct
1 [ —a—b log p1 logpa  logpat1 logpa+ts |\ dz
_Z n—o 9 1 . — —
% ( 2 /_oo ¢(x) sm( 7mc< + log R teet log R log R log R 2rx
L nacs (loglog N2
Zo(0) @ O 4.85
o) o ((ESETD), (4.85)

where we use the identity R(1,p1---pa) = p(p1---pa) = (—1)*.
Property 4.16. Equation (4.85)) holds with the distinctness condition in the prime sum removed.

Proof. In the process of removing the distinctness condition, we apply inclusion-exclusion and we
are left to show that the terms with p; = p; for some i # j can be eliminated as they contribute
negligibly. Indeed, suppose the condition in the sum of is replaced by p1 + - pats = ¢ -+ qgé,
where ¢; # ¢; when i # j and where a; > 1 for some j. Now, such a contribution is bounded by

l . ¢ .

log qj log® gq; log® gq;

Z H q < Z H a5 a4 R < H Z q a; IOgaJ R : (486)
q1;---,9¢ J=1%J j=1 q; <R 17

q; distinct ;<R

<R
The last sum is O(1 ) and O(l /log® R) when a;j = 1 and a; > 1 respectively. Since a; > 1 for some
j, we find (4.86) is O(1/ log® R). This completes the proof. O

To complete the proof of Lemma [4.14] we apply the Prime Number Theorem with partial sum-
mation to each of the sums over primes in (4.85) without the distinctness condition. We find
that

H(a,0) = —2717979(— / / O(x2) - D(Tarsr1)

o [/ 510 (g )Sm 2rz1(1 + |z2| + -+ + [Ta1]| — [Tato| — - — %+5+1D)d$1
— 00 2w
1 n—a—9y (log log N)2
— §¢ (O):| d;L‘2 cee dl'a-i-d—‘,—l + O (W (487)
as desired. ]

4.5. Proof of Proposition Combinatorial simplification of the main contribution. In
this section we finish the proof of Proposition [3.7|by applying Lemma to (4.72) and simplifying.
This step is mostly combinatorial, although we need the following lemma.

Lemma 4.17. We have
oo
/ o(y) (sin(z + 2mzly|) + sin(z — 2wzly|)) dy = 2sin(z)p(x). (4.88)
—0oQ
Proof. Using that sin(z + 27x|y|) + sin(z — 27x|y|) = 2sin(z) cos(2rzy) we have that

| 8w (sinz + 2malyl) + sin(z — 2mslyl)) dy = 2sin(z) [ Gw) cos(2ray)dy

= 2sin(z) /_oo b (y)Re(exp(2mizy))dy
= 2sin(2)¢(x) (4.89)
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as desired. O
Applying Lemma to (4.72) gives

) S a— ao 1 <a " 5) <a ;r 5) Q_§_1<—l)i <n — (iy - 5) gn-1-a=5(_1)a

a=0 6= 1=0

/ d(x2) - - H(Tarsr1)

2 1 . o — a —_— e — o
y [/ (bn—a—é(xl)Sln( Tz (14 |zo| + +|$2;xll |Zat2] x +5+1’))dx1
L opas (loglog N)?

Our first step is to eliminate the integral over ¢"~*~9(0) in (4.90) when a + & > 0. We fix some
v < a and collect the terms of (4.90) for which oo+ 0 = v:

[i () <—1>a] () azf;l(—l)i(” e

/ / ¢ x2) 331/+1) [—qu"_”(())] dro -+ -dxy, 1. (4.91)

By the Binomial Theorem, we have >_"_ (¥)(=1)® = (1 —1)” = 0 for v > 0, so the sum over « in
(4.91)) is 0 unless v = 0. Thus, the terms where a4+ 0 = v cancel when v > 0. When v = 0, we pull
out the —3¢"(0) term and find that

a—1la—a—1 a—a—0—1
a+5> Z (n—a—=0\_ ph1—a—s
> O G E s VD)
a=0 §=0 <a—|—5>( @ i=0 !
a—1

_ , loglog N)?
_on=2n(0) S (<) (") + 0 (Loslos V)T 4.92
0 31 (5) +o (et (4.92)

where

/ / H(a2) xa+6+1)/ ¢" (1)

y sin (2mx (1 + |xo| + - - + [Tat1]| — |Zata| — \xa+5+1|))dx1 e drarset.  (4.93)

271'3?1

We simplify the first sum over « in (4.92), which we denote by A’. By Lemma we have
I(a,0) =2I(,0 — 1) — I(aw+ 1,5 — 1). We express A’ in terms of I(«a,0) via the following result:

Lemma 4.18. Let I(a,d) be defined as above. Then

6
_ 531y (%) I(a + 4
= jZ:;Q (—1) <j)1( +4,0). (4.94)

Proof. We prove the following claim holds by induction, after which setting k = § completes the
proof of the lemma:;:

k
I(a,8) = > 2879(=1) (?)I(a—i—j,&—k’). (4.95)

J=0
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The base case k = 0 holds immediately. Suppose the result holds up to k. Then using that
I(a,0) =2I(v,0 — 1) — I(av+ 1,5 — 1) we have that

k

k
I(a,8) = > 2879(=1) ( )(QI(a—i—],(S k—1)—I(a+j+1,0—k—1))
: J
7=0
k+1
A , 1
= Yy (U - (M) rakas - ke
— J+1 J
7=0
k+1
k+1
= 22’““ J ( + >I(a+j,6—k:—1) (4.96)
J
completing the inductive hypothesis and the proof of the lemma. O

Proof of Proposition[3.7. Apply Lemma to (4.92)), we have

:Z:(l)aézoc% 1;5% (a " 5) <a ;r 5) “_j‘zj_l(_naﬂﬂ (n - (; — 5> gn—l—a—j <j>1(a +4,0).
(4.97)

The terms are collected according to the values of w := « 4+ j. Upon simplification, it follows that

e B R ()
(4.98)

We then make a change of variables § = £ 4+ w — a and rewrite the sums above as

v o diwery! n l+w\(n—t—w\[l+w—a
eox 3 3 e ()0

= = {+w o 1 w—«

w -1 . .

, n (+w+i\ [w) L+

= 2"y 27Y(-1)¥I(w,0) —1)" :

IETEIET) S S Y P [ e [T

a—1—wa—
(4.99)

A = on 122—“ 1)“I(w

MM

Grouping terms based on the values m = ¢ + ¢ and rearranging, we have

A = 2nt azl2w(_1)w1(w7o) zw: (Z) “77121_:0‘“ <m:tw> (m; W) i(_l)iC;). (4.100)

w=0 a=0 =0

As a consequence of the Binomial Theorem, the sum over ¢ is zero unless m = 0. Thus, summing
over « yields (!')2% and so,

A — on— 12( > 1)%I(w,0). (4.101)

Applying this to (L92), we find that A = (~1)"1R(n, a; 6) + O (ESENE), where R(n, ;)

(log N)1/2
was defined in ([1.14]). This completes the proof of Proposition
O
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5. EXTENDING SUPPORT FOR RANDOM MATRIX THEORY: PROOF OF THEOREM [L.3]

In this section, we prove Theorem We focus on the case where n > 3 as [HM07, Theorem
1.7] have proved the n = 2 case.

In Section we use results from [HRO3] and [HMO07] to reduce the proof of Theorem to
proving Proposition which gives a closed form expression for the quantity @Q,(¢) defined in
64).

The rest of the section is dedicated to evaluating @, (¢). In Section we define the notion
of a system of parameters and of a t-class, and express @,(¢) as a sum over these two objects
in Lemma Lemma splits @Qn(¢) into a combinatorial piece and an integral piece. We
evaluate the combinatorial piece in Section In particular, we calculate the contribution to
Qn(¢) from t-classes with ¢ = 1 using Lemma and show that the t-classes with ¢ > 2 do not
contribute in Lemma [5.200 Then, in Section we evaluate the integral piece, completing the
proof of Proposition [5.2

5.1. Proof of Theorem assuming Proposition We calculate the nth-centered mo-
ments of Z(U;¢), denoted in Section by Z,(M;¢), using the method of cumulants. Weyl’s
explicit representation of Haar measure would allow us to compute the higher moments directly.
However, to facilitate the comparison with number theory, we use the cumulants as in [HR03] and
[HMO7]. The cumulants C, (¢) and C, (¢) are defined to satisfy the following equality of formal
power series:

00 )\g '
> CH0) Y = Jim logEsoqnlexp(AZ(U: )], (5.1)
=1 M—00
(e.) 3 )\é )
> Cr () = Jim logEsoun[exp(AZ(U;6))]- (52)
/=1 M—oo
Given the first n cumulants, one can compute the first n moments. In particular, for n > 2, we
have that
CE@\™  (CE@\™ _ n
1 :t . f— 2 PPN n
> Zn(M;0) = 2. ( 2! ) ( n! > Teol -kl (5:3)
2ko+3k3+-+nknp=n
k;>0

Now, set S(z) = 220 and define

™

n _1\ym+1 n! oo 0o
@ =Yy Bl [T s

m=1 A1+ +Am=n
Aj>1

X S(x1 — x2)S(xe — x3) -+ S(Tym—1 — Tm) S (T + x1)d21 - - ATy (5.4)
We have the following result due to [HRO3].

Lemma 5.1 ([HR03], Section 2.1). Let ¢ € See(R) with supp($) C [—2,2]. Forn >3,
CEO(even) (¢) _ Qn(¢)

OS50 (g) = ~Qu(@). (5:5)
Moreover, for n > 4,
S0 _ o800dd) _ o / Wlow)2dy = o2 (5.6)

where 035 is defined as in ((1.13)).
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Thus, in order to prove Theorem it suffices to calculate @, (¢), which we do in the following
proposition.

Proposition 5.2. Let ¢ € Se.(R) with Supp(qg) - [— nia, nia} for some integer 1 < a < [n/2].
Let R(n,a; ¢) be as in (1.14). Then

@n(¢) = R(n,a;9). (5.7)

We complete the proof of Proposition [5.2] in Section [5.4f Assuming Proposition we now
prove Theorem [1.3]

Proof of Theorem [1.3. By [HMOT, Theorem 1.4], since supp(éﬁ\) - [—ﬁ, — a], then Ci(¢) =0
for 3 < j < m — a, as in this case the cumulants are the same as those of the Gaussian. Hence,
restricting the sum in (5.3) to those terms with k3 = --- = k,_, = 0 does not change its value.
Moreover, a < [n/2] and Y,_, lk; = n imply that k,, kn—1,...,kn—at1 € {0,1} and at most one

of kp,kn—1,...,kn—q+1 is equal to 1. Thus, we can rewrite (5.3 as

. Cy(9)\"* ! C5(0)\" (Case(9) n!
i Zn(M; ) :]1{"even}< E ) 2 " 2 (22! > (n—eﬂ)! Tt B8

kol
2ko+(n—L€)=n
0<l<a—1

where the first term is from when ko = n/2. Observing that 2ke + (n — ¢) = n forces ¢ = 2k, we
have

%5 D) J nlC + C:l: ko
]\/}1310:: Z,(M;¢) = ]l{n even} (Cét(gb))nm nit+ Z ko! O 2k2(¢) ( : (¢)> . (5.9)

’I’L—2k‘2 2

Now, applying Lemma and Proposition to the right hand side of (5.9) and simplifying
completes the proof of Theorem after comparing with ((1.15]). O

5.2. Decomposition of Q,(¢). In this section, we work towards Proposition by evaluating
Qn(®), as defined in (5.4]), when supp(gg) - [— ! L} and a < [n/2]. The main result of this

n—a’ n—a

subsection is Lemma which splits @, (¢) into a combinatorial term and an integral term which
we will then evaluate separately.
Equation (5.27) of [HMO07] gives (independent of the choice of support) that

Qn(p) = 2" 2/ / o) d(Yn) K1, - - yn)dyr - - dym, (5.10)
where
. i (—1)m+t n! i
Klow) =3, > s 2 sz 61D
m=1X1+...4Am=n e en {1} £=1
Aj>1
and

. 1§ < A
n(t,j) = L Z? ! (5.12)
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5.2.1. Simplifying K(y1,...,yn). To evaluate @Q,(¢), we first discuss how we will interpret the
expression K (y1,...,yn) for yi,...,yn € [O, nia} )

Definition 5.3. Throughout this section, if I C{1,...,n}, we write

XI = X{yrt-tyn>142 e ui} (5.13)

Definition 5.4. A system of parameters (or s.0.p.) is an ordered tuple (m, A1, ..., A, €1, .., €n)
withl<m<n, Mi+--+Ap=n,N\2>1foralll <i<m, and ¢; = £1 for each 1 < j < n.

Given a system of parameters S, we may use 1s(¢,j) to denote the function n(¢, j) where the A\
are taken from S. When it is clear from context that the A are taken from the s.o.p. S, we simply
denote this function n(¢,j). Fix n > 2a and a s.o.p. S = (m,A\1,..., A, €1,...,€,). Consider the
product

H X{I Y20y n(tg)e;y;1<1} (5.14)
/=1

from (5.11)). Fix 1 < ¢y < m. In order to study (5.14)), we study the complement of the indicator
functions in (5.14]), given by
XS 0o sy >1}- (5.15)

For y1,...,yn € [0, ﬁ}, if 3274 (o, j)ejy; > 1 then we cannot find ¥, ...,y € [0, L

that > 7, 1(lo, j)€jy; < —1 because a < [n/2]. Thus the indicator function (5.15) is identical to
(5.13]) for a particular choice of I. Moreover, there exists y; € [O, #} such that (5.15) is nonzero

if and only if one of the following (mutually exclusive) conditions holds:

(i) {1 <j<n:nly,j)ej =+1} <a—1,o0r
(i) {1 <G <nnlto e =1} <a—1.
If case (i) holds, we define

] such

Jop ={1<j <n:nllo,j)e =+1} (5.16)
and say that Jy, has sign (s, = +1.
If case (ii) holds, we define

Joy ={1<j<n:nll,je = -1} (5.17)

and say that Jy, has sign ¢, = —1.
If neither case holds, then Jy, is undefined.

Lemma 5.5. If S = (m,A1,..., Am,€1,...,€,) is a system of parameters and J C [1,n] is any
subset, then there is at most one £y € [1,m] and ¢ € {£1} such that n(ly,i)e; = ¢ fori € J and
n(lo,j)e; = —C forj ¢ J.

Proof. Suppose £1 > £y and that both £y and ¢; have this property for some (o and (3. Without

loss of generality, we assume that J = {i : n({y,i)e; = —1}. It is clear that we cannot also have
I ={i:n(l,1)e; = —1}, so we may assume that I = {i : n(¢1,7)e; = +1}, but then we must have
n(lo,7) = —n(f1,7) for all j, and this is clearly impossible. O

In particular, if J;, and J;, are both defined, then J,, # Jy,.

Definition 5.6. For a s.o.p. S = (m,A1,..., A\m,€1,...,€n), let {l1,.... 0} C{1,...,m} be the
set of indices for which Iy; is defined. Define

J(S) = {ng,...,Jgt}. (518)

Define
I(S) = {L,...,I,} (5.19)
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to be the subset of elements of J(S) which are minimal with respect to inclusion. That is, 1(S)
consists of those elements of J(S) which do not strictly contain any other elements of J(S). By
Lemma for each i € [1,r] there is a unique ¢; such that I; = Jy,. Finally, define the function

Syiyn) = Y > (D, x5, ) YY), (5.20)

=1 1<51<-<g; <r

and the quantity (i
1™ n!
A(S) = e WL (5.21)

resembles the M6bius inversion formula from elementary number theory.

The next lemma for o

Lemma 5.7. For any s.o.p. S, we have

-1 if xr(y1,...,Yn) =1 for some I € I(S
H(Y1s- e Un) = { w1 ) (%)

} (5.22)
0 otherwise.

Proof. Fix (y1,...,yn). Suppose there are k elements in I(.S) whose support contains (y1,. .., yn).
If £ = 0 the result is immediate. Now, for £k > 1 and 1 < i < k, there are (’:) terms in the ¢th
summand of with coefficient (—1)? and all the other terms vanish. Thus we have

k
oy, ym) = Y (E)(—l)i: (1-1F—1=-1. (5.23)

7

i=1
O
We now have the following reformulation of the quantity from in terms of A(S), defined in
.21
Lemma 5.8. For (y1,...,yn) € [0, nla}n,
K(ylw"?yn) = Z(_l)t Z (Xfl"'XIt)<y17"'7yn) Z A(S) (5'24)
t=1 (I1,-,1t) s.o.p. S with

valid I,...I:eI(S)

Proof. The product ((5.14]) vanishes at (yi1,...,y,) if and only if there is some J € J(S) such that
X is supported at (y1,...,y,) if and only if there is some I € I(S) such that x; is supported at

(Y1,---,Yn). So, by Lemma [5.7]

HX{|z§;1n(e,j)ejyj|§1}(y17 ctn) =140y, ) (5.25)
=1

Substituting ((5.25]) into (5.11)), we have that

= (-1t pl .
Ky,..coun) = >, > e Wi WAL > A (yrs- -y yn)- (5.26)
m=1A1+...4+A\;=n s.o.p.’s S

A >1

Now, we apply the following identity given by Soshnikov [Sos00]:

(_1)m+1 1
z = log(1+ (e* — 1)) Z Z > e N (5.27)

n=1 m=1A1+--+Am=n
A >1

which gives that the first sum in (5.26)) is 0. Expanding the second sum using the definition of o
from ([5.20)) and rearranging completes the proof. O
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5.2.2. Simplifying Qn(¢). In this section, we simplify @, (¢) by applying Lemmato the quantity
Qn(¢) as in (5.10). First, we define further notation which allows us to express Q,(¢) (through
Lemma in terms of combinatorial quantities which we then compute in Section and

The symmetric group S, acts naturally on sets of (unordered) t¢-tuples of subsets of [1,n] by
permuting the elements in each subset of each tuple. Take such a t-tuple (I3,...,I;) and some
I; = {i1,...,i;}. Given some permutation 7 € S, we have that 7(I;) = {7(i1),...,7(ix)}. Let
X1, - xr1, and xg, - - - xJ, be elements of €2 such that there exists a permutation 7 € .S;, so that for
each 1 < ¢ <t, 7(ly) = Jy. Then,

/0 /0 S(y1) -+ d(yn) (X1, X1, = Xr X3 (W1, -, Yn)dyn -+ - dyn = 0. (5.28)

This motivates the following definition.

Definition 5.9. The symmetric group S,, acts naturally on sets of (unordered) t-tuples of subsets
of [1,n], as described above. An orbit of this action is called a t-class.

For a t-class C, we define

/Cdy = /Om---/oooé(yl)---é(yn)x(yl,-.-,yn) dyy - - - dyn, (5.29)

where x = xp, -+ xz, with (I1,...,I;) € C. Equation (5.28) shows that the integral [ C'dy is
well-defined.

Definition 5.10. We call an unordered tuple (11, ..., I;) of subsets of {1,...,n} valid if I1,...,I; €
1 n

' n—a

I(S) for some s.o.p. S and xp, - X1, is supported at some point in [0

We can extend this definition to a t-class.
Definition 5.11. We call a t-class valid if it contains at least one valid tuple.
We are now ready to prove the main result of the section.
Lemma 5.12. For a s.o.p. S and a t-class C, set
T(S,C) = #{(L1,....I;) e C: I,...., I, € I(9)}. (5.30)
We have
n
Qu(®) = 223 (-1 % > 1s.0)4s) | [ cdy (5.31)
t=1 valid t-classes C' \s.0.p.’s S

Proof. Given a valid t-class C, there is a valid tuple (11, ..., I;) € C for which xy, - - - x7, is supported

at some point (y1,...,Yn) € [—L L

n—a’ n—a

n
] . Therefore, if 7 € Sy, then X;(1,) - X+(1,) 1s supported

at (Yr(1)s - -+ Yr(n))- Since Sy, acts transitively on C, this means that every tuple in C' is valid. Now,
applying Lemma to (5.10) and grouping tuples into t-classes completes the proof. ]

5.3. Computing the combinatorial piece. In this section, we calculate » T'(S,C) A(S) for
valid t-classes C, where T(S,C) and A(S) are defined as in (5.30) and (5.21)), respectively. In
Section we find a closed form for the case t = 1, and then in Section we show that when
t > 2 the quantity vanishes.
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5.3.1. Computing for valid 1-classes. In this section, we compute the terms in (5.31)) for which
t = 1. We first classify the valid 1-tuples.

Lemma 5.13. If I and J are subsets of [1,n] such that |I U J| > a, then x1- X7 is identically zero
1 n
on [0, nia} .
Proof. Let I and J be as in the hypotheses, and assume for contradiction that both y1 +---+y, >
n
1+2Y .y and yr+--+y, > 1 +2Zj€Jyj for some (y1,...,yn) € {0 ! ] . Since

' n—a

yp < —— for every h, Zh&IUJ yn < 1, so we must have that >,y < ZjEJ\I y; and similarly

n—a

> jesYi < Yic nJ Vi by our assumptions. Adding these inequalities gives

ZyH—Zyj < Z Yi + Z Yi (5.32)

iel jeJ icl\J FjeINI

which is a contradiction, as all the y;’s are nonnegative and the terms on the right are a subset of
those on the left. O

Lemma 5.14. If I is a subset of [1,n], then the 1-tuple (I) is valid if and only if |I| < a — 1.

Proof. If |I| > a — 1, then (I) is not valid by Lemma taking both subsets to be I.

Now suppose |I| < a—1. Let y; = 1/(n—a) for each j ¢ I and let y; = 0 for each ¢ € I. It is clear
that x7(y1,...,yn) = 1. Now consider the system of parameters S = (m,A1,..., Am, €1,...,€n),
where m = 1, \y = n, and ¢, = —1 if and only if ¢ € I. Clearly, I € I(S). Therefore, (I) is
valid. O

It follows from Lemma that the valid 1-classes are exactly the classes
Cpe={(I): 1 € [1,n), 1] = f} (5.33)
with0 < f <a-—1.

Lemma 5.15. Let 1 < f <a—1. Let S = (m,A1,..., A\, €1,...,€,) be a system of parameters
with m > 2 and suppose (I) € Cy is such that, for some 1 < £ < m, we have I = J, € J(S). Define
Ap =X+ -+ X . Then I € I(S) if and only if [Ap—1 + 1,Ae) € I and [Ag+ 1,Apq]) € 1. If
¢ =m, then we set [Ap, + 1, Appy1] to [1,A1] = [1, Aq].

Proof. Assume without loss of generality that J, has sign ¢, = —1, i.e. Jy={j:n({ j)e; = —1}.
For any ¢ < ¢, we have

—n(l,5)e; ifje[Ay+1A
77(£7])€j:{ n(ga])ej 1 ]E[ Y4 + 9 f]a (534)

G if j ¢ [Aw +1,A].

If [Ag—1 + 1, A¢] C Jp, then Jyp—y = Jp ~ [Ay—1 + 1, A¢] € Jp. In particular, J; is not minimal, so
Jy ¢ I1(S). Similarly, if [Ay + 1, Ap41] € Jp then Jpypq = Jp N [Ag+ 1, Agy1] so Jy is not minimal.

Now assume Jy is not minimal, so there exists some Jy C Jy.

First, suppose the sign of Jy is (4 = —1. Suppose that ¢/ < ¢. By , Jo N [Ae +1,Af) =
Jo~[Ap +1, Ay, while Jp N [Apy +1, Ag] and JyN[Apy +1, Ay] are disjoint with union [Ay 41, Ag]. So,
so Jp C Jp implies [Ag—1+1,A¢] C [Ap+1,A C Jp. Similarly, if ¢ > ¢, we have [Ay+1, A1) C Jp.

Next suppose that the sign {» = 1. Suppose that ¢ < ¢. By , Jo NV [Ay + 1,7 =
JeN[Ap+1, Ay, while Jp\[Ap+1, Ag] and Jp~[Ap+1, Ag] are disjoint with union [1, n]\[Ay+1, Agl.
Since Jy is not minimal, we must have [Ay + 1, Apiq] C [1,n] N [Ap—1 +1,A¢] C Jp. When ¢/ > £, by
the same reasoning we have that [Ay_1 + 1, Ay] C Jy.

[l
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Lemma 5.16. Fizx 1 < f <a—1. We have
1

> T A(S) = 2nl(=1)" Y (=)t :
s.0.p.’s S c+d<n
with m>2 c,d>0

where
conren = ()=o) - (o022 o

Proof. Let S = (m,\1,..., Am,€1,...,€,) denote a variable system of parameters. By Lemma
we can rewrite T'(S, Cy) as

T(S,Cy) Z Liger(s) and #J,=1} - (5.37)

We sum over systems of parameters by first summing over all values of m, then summing over all
possible values of ¢, then summing over all possible values of ¢ = Ay and d = Ayy1, then summing

over all possible values of Aq,..., A\, and finally summing over all possible choices of €1, ..., €,. For
fixed m, A\1,..., A\, the €1,..., ¢, and Jp, {; uniquely determine each other, so we may rewrite the
innermost sum as
> A Lers) and aeg—ry = AS) Y D Lpgers)y- (5.38)
(e5)e{£1}m Cec{£1} #Jo=f

By Lemma the sum over Jy is G(n, f, ¢, d), since we can choose a general f element subset in
(’J}) ways, and we need to subtract off when the ¢ element subset [A\;+---+Xp_1+1, \1+---+X\J] C T
or when the d element subset [A; +---+ A+ 1,\1 + -+ Apy1] € I. Then, we add back in the case
when both subsets are contained in J; since we have double counted it. Finally, there are 2 choices

for (. We have

non —1)mtl n!
Y. T(S.CHAWS) = D > > > ( 1731 Al!..f/\myzG(n’f’c’d)' (5.39)

s.0.p.’s S m=2 /(=1 c,d>1 A+ Am=n
with m>2 ctd<n \i>1, p=c, \py1=d

Noting that for each value of ¢ the inner summand is the same, we can set £ = m — 1 and write

G(n, f,c,d) (—1)m+t 1
> T(S,CpAWS) =20l ) T ad Zm > m Al Aol

s.0.p.’s S c,d>1 m=2 A+t Am—2=n—c—d
with m>2 c—i—dSn

(5.40)

The sum over m equals (—1)"F°t4+1/(n — ¢ — d)!, which follows from evaluating the coefficient of

2™ in

M8

P SRR S (1)
T e D P D e W XY

n=0 n=0 m=1A1+-+Ap=n
A>1
Applying this to ((5.40|) gives
1
T(S,Cy) A(S) = 2n!(-1)" —1)etitlg d .
2 T(SCAE) = 201" B (1) . - ) e dyteldl (5.42)

s.0.p.’s S c+d<n
with m>2 c,d>1

Now, we can extend the sum to include when ¢ = 0 or d = 0 to complete the proof as in this
case G(n, f,c,d) = 0. d
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We complete our evaluation of the case when m > 2 with the following lemma, proven in

Appendix
Lemma 5.17. Fix 1 < f <a—1. We have

— 9" _1ynH ) '
;;%;:sff(s’cfmw 2<>(( e -1) (5.43)

Now we evaluate the case when m = 1.

Lemma 5.18. Fiz 1 < f <a—1. We have

S T(5,Cp) A(S) = 2(?) (5.44)

s.o.p.’s S
with m=1

Proof. We let S = (1, \1,¢€1,...,€,) denote a variable system of parameters. Since m = 1, we have
2

A1 =nand A(S) = %% =1 for all S. Now, as in (5.38)), we may rewrite the sum over i, ..., €,

as a sum over Ji, (. Since m = 1, any f-element J; € J(S) will be minimal. So,

Yo T,.CHAS) =AS) SN Lppensy = Y. Y 1= 2<7;> (5.45)

s.0.p.’s S G e{fl} #h=f Ge{x1} #I=f
with m>2

0

Adding equations ([5.43)) and (5.44]) gives the main result of the section.

Lemma 5.19. Fix 1 < f <a—1. Then
3" T(S,CpA(S) = 2(-1)mHH (7;) (5.46)
s.0.p.’s S

5.3.2. The vanishing of valid t-classes for t > 2. In this section, we show that all terms with ¢ > 2
in (5.31)) vanish. Our main result is the following.

Lemma 5.20. Let C be a valid t-class with t > 2. Then

> T(S,C)A(S) = 0. (5.47)
s.0.p.’s S
Throughout this section, let S = (m, A1,..., Am, €1,-..,€,) be a system of parameters, C a valid

class, and (I1,...,1;) € C a tuple of subsets of [1,n] such that for each 1 < i < ¢, there is some
¢; and (g, € {£1} such that I; = {j : n(¢;,j)e; = (o} Le., I; = Jy, with sign (,,. Reorder the I;
so that (1 < fy < --- < {; and set I| == I; — 02:1 I and j; = Ay, = Ziizl M. To begin, we prove
lemmas which characterize (Iy,..., ;).

Lemma 5.21. Set I} = J;, with sign (y, and suppose there is some minimal T such that IT = Jy,,
with sign (o, = —C¢,. Then, for all © > T', we have I; = (5, with sign (s, = —Cy, .

Proof. Assume WLOG that {,, = —1so I1 = {j : n(¢1,j)e; = —1} and let T' be the smallest value
such that I = {j : n(¢r, j)e; = 1}. Suppose there exists some s > T such that I, = {j : n({s, j)e; =
_1} If.] < jT—l or .] > jsa then U(ET,]) = n(zsaj)a SO ] € ITUIS S0 [LjT—l] U []s + 17”] c ITUIs-
Similarly, if j € [jr—1+1, js], then n(dr_1,7) = —n(ls, j),s0 j € Ir_1UIgs0 [jr—1+1,js] C Ir_1UIL.
Since [1, jp—1]U[js+1,n]U[jr—1+1,js] = [1,n] and a < n/2, we must have that either |IpUI| > a
or |Ip—1 U Ig| > a. Then, by Lemma C is not valid, a contradiction. Thus such an s cannot
exist so I; = {j : n(l;,j)ej = +1} for all i > T O
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The above lemma shows that the sign of (I3, Ia, ..., I;) can switch at most once. This motivates
the following definition.

Definition 5.22. The transition point of (I1,...,1I;) is the smallest T such that (o, = —Cp, . If
I, I, ..., Iy all have the same sign (so that no such T ezists), then we set T = 1.

Lemma 5.23. Let T be the transition point of (I1,...,I;). Then

t

U@ = I 0 = [Ln] N [ir— + 1,7l (5.48)
i=1
I NI =0, and (5.49)
t
ﬂ Ii = It NIr C [jr—1+1,57], (5.50)
i=1

taking indices cyclically in [1,t] and intervals cyclically in [1,n] so that I} :== I} and Iy = I; and
[Jo+ 1,71) = [jt + 1,n] U [1, j1]. Additionally, if 1 <i <t withi#T — 1, then

(LG + 1, i) U (Tigr N [Gi + 1, 5ia]) = [ +1,5ix1]  and (5.51)
(Li 0 [Ji + 1, jia]) N (Liga N [ + 1, Jiga]) = 0. (5.52)

In other words, the restriction of I; and I;11 to the interval [j; + 1, ji+1] forms a partition of the
interval. If i =t and T # 1, again taking indices and intervals cyclically, we set I;111 = Iy and
e+ 1,51 =[5 + 1,n] UL, 51

Proof. We consider indices and intervals cyclically in [1,¢] and [1, n] respectively, as in Lemmam

For j € [jr—1+1,j7], the value n(¢;, j)e;Cy, is independent of i since for any i, 4" either (s, /C,, and
n(4i,7)/n(€y, j) are both 1 or both —1. So, for any j € [jr—1 + 1, Jr| either j € I; for all i of j ¢ I;
for all 4. So, '_, I! C [1,n] \ [jr—1+ 1, jr] and (oo, LN 71+ 1, j7] = Ir—1 0 I N [j7-1 + 1, jr).

For j ¢ [ijl + 1,jT]a we have 77(5T71,J') = U(ETJ') and so n(nghj)ej’ CETA = _n(fij)ej’ CZT‘
So, every j ¢ [jr—1 + 1,j7] belongs to exactly one of I7. ; and I}.. We conclude that U§:1 Il =
Ip 01y C[Ln] N [jr-1 + 1, 7] and Ir—1 0 I7 C [jr-1 + 1, j7]. So, Ir—1 N I7 N [jr-1 + 1, j7] =
Ir_1NIp = ﬂzzl I;.

For i # T —1, we have n({;,j) = —n(fi11,7) if and only if j € [j; + 1, jiy1] . Since (s, = (p, ., this
means 1(;, j)€;Ce; = —n(lig1,§)€;Ce,., if and only if j € [j; 4+ 1, ji11] . Hence, each j € [j; + 1, jit1]
is contained in exactly one of I; and I;41, as desired. ]

Definition 5.24. For each 1 <i <, set
ri = |LiN[ji+1,7i41]| and (5.53)
si = |Liv1 0 [5i + 1, Jita]]- (5.54)
We call the ordered tuple (T,r1,s1,...,7,8¢) the structure of (I1,...,1;) in S where T is the

transition point of (I,...,Iy). If (T,r1,81,...,7¢,8) is a structure for some (I1,...,I;) € C, we
call it a valid structure for C.

By Lemma rr_1 = S7_1 = ‘ﬂzzl Ik}. Lemma also shows that when ¢ # T — 1,
ri+si = |ji + 1, jit1]| = Jis1 — Ji = Mgy1 + - F At;, - The following lemma shows that the two
tuples with the same structure are in the same t-class.

Lemma 5.25. Let C be a valid t-class and let (I1,...,1;) € C such that (I1,...,I;) € 1(S) for some
s.o.p. S. Let (J1,...,J) be another tuple such that (J1,...,Jy) € I(P) for some s.o.p. P. If the
structure of (I1, ..., 1) in S is the same as the structure of (J1,...,J;) in P, then (J1,...,Jy) € C.
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Proof. We first set notation. Set S = (m, A1,..., A, €1,...,6y) and P = (m, N, ..., AL, €],...,€).

roimo ren

Set {1 < -+ </lyand £ < --- < such that [; = {j : ns(li, j) = G, } and J; = {j : np (€, j) = (o }-

Lastly, define j; = Ziizl A, and jf = Ziizl Al
Without loss of generality, we may assume (;, = Ce, or else we may replace each €; with —e;.

Since (I1,...,I;) and (Ji,...,J;) have the same structure, for each i, we have
LN+ 1, jiall = [Ji0 [+ 1,5i44]] and (5.55)
[Livr N [Gi + Lginll = [Jin 057+ L diall- (5.56)

Let 7 € S,, be the permutation which maps the kth smallest element of |I; N [j; + 1, ji+1]| to the
kth smallest element of |.J; N [j; + 1,j;, ]| and the kth smallest element of [I;11 N [j; 4 1, ji41]| to
the kth smallest element of |J;11 N [j; + 1, i, ]/

Since 7([ji + 1, ji+1]) = [j; + 1, jix1], for all i € [1,t] and j € [1,n] we have n(¢;,j) = n(€;, 7(3)).
Since (Ii,...,I:) and (J1,...,J:) have the same transition value 7" and we assumed (y, = Cer, We
have (g, = (p for all i. Moreover, for j € [ji + 1, ji+1] we have n(4;, j)e;C, = n(fg,T(j))e’T(j)Q; SO
that €; = e’T(j) . But this is true for all 4, so in fact ¢; = e;_(j) for all j € [1,n]. So, for all i € [1,¢]
and j € [1,n] we have n(¢;, j)e;Cy, = ﬁ(f;,T(j))E;(j)Cg;. It follows that 7(Iy,...,I;) = (J1,...,J¢) so
(Jl,...,Jt)GC. [l

Lemma, [5.25| shows that if a structure is valid for C, then all tuples with that structure are
in C. Thus in order to calculate Y T'(S,C) A(S), we can first sum over all valid structures for
C and then count tuples and s.o.p.s with that structure. All that remains is to determine when
(Il,. ..,It) S I(S)

Lemma 5.26. Suppose I1,...,I; € J(S). Then, I,...,I; € I(S) if and only if for each 1 < i <t,

i = A, + 1, 5i) € Ii and [j; + 1, ji + Ag;41] € L

Proof. Note that I; € J(S) implies #1; < a — 1. So, this is an immediate corollary of Lemma

which says I; € I(S) if and only if [j; — Ag, + 1,7:] € I and [j; + 1, ji + Mg, 41] € L. O
Now we are ready to calculate Y T'(S,C) A(S).

Lemma 5.27. Let C be a valid t-class with t > 2. Then
D T(S.C) A(S) (5.57)

s.0.p.’s S

1s a sum of terms of the form

; (~1)¢
Z Z 7H(f797ﬂ17/~’/d)7 (558)

| I
d=1 p1+--+pa=f H Hd
=1

for some f and g, where

H(f,g,m,pa) = (g) - <£:Zi) - <f_g“d> + <f;‘ilu_l“d>. (5.59)

Proof. Let C be a valid t-class. By Lemma when summing over all s.0.p.s, we can first sum
over all valid structures, and then over all s.o.p.s and tuples with that structure. To do this, we
can sum over all m, then over all possible values of ¢1,...,¥¢;, then over all A\q,..., A\, such that
A+t Ap=nand A\gy1+--+ A, =1+ 8; for each i 7T — 1. Now we use Lemma [5.26| to
determine the summand. We can pick the elements of 02:1 I, which by Lemma is a subset of
[jr—1+1, jr], in G(jr — jr—1,77, Aey_,, Aey.) Ways, where G is defined as in . Next, we choose
the r; elements of I; contained in the interval [j; + 1, ji11] in H(r; + 4,74, Ay+1, Ar,,, ) ways. Then,
there are two possible choices for the sign (s, of I; and then the signs for the rest of the I;’s follow
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because the point of transition T is fixed. The choice of (y, and each r;-element set [j; + 1, jiy1] N I;
determines all €;, so they determine exactly the same data as the I;.
Lastly, we multiply by A(S). We have that

> T(S,C)-A(S) = > f: > >

s.0.p.’s S (Tyr1,81,.,7t,5¢) M=11<l<--<l<m A+ FAm=n
a valid structure for C )\gi+1+"'+/\[i+1=T¢+1+Si+1 for each i # T

Ai>1

_1)m+1 n!

PVLERRD ¥

X 2G(u7’07}‘517)‘ft+1) H H(Tz'+5iaria)\€i+1»)\éi+1)

1<i<t
iET—1

(5.60)

For each structure, we can fix some ¢ # T'— 1, which exists since t > 2, to see that this is a sum of
terms of the form

ri+Si (_1)d
Z Z 7'}-[(7‘2 +Si7ri7,ul7lu’d)' (561)

l.
d=1 p1+-+pg=ri+s; e fd:
pi>1

]
We finish the calculation with the following combinatorial lemma, proven in Appendix

Lemma 5.28. Fiz f,g and let H(f, g, u1, 1q) be as in (5.59). Then

3 (-1)?
> 2 (g s pa) = 0. (5.62)

l...
d=1 pr+opg=f 111
pi>1
Combining Lemmas and completes the proof of Lemma [5.20 O

5.4. Computing the integral piece. In this section we complete the proof of Proposition by
calculating the integral [ Cdy appearing in (5.31]). Applying Lemmas|5.20{ and [5.19| to (5.12)) gives

a—1
Qulo) = 2"‘1(—1)" ( >/ / d(y1) - yn)X{n 1,0y dy1 Ay, (5.63)

Z
Next we define

/ / ¢ yl yn)X{y1+ +Yn—t—Yn— 4+1—~-~—yn>1}dyl dyn (5-64)

and

/ / ¢ Y1) qun)x{lyﬁ- At ~lyn 1| ——lyn|>13 Y1 - Y- (5.65)

We have that (5.63) equals
a—1
Qnl®) = 277} (=1)" (—1)@<”>&<¢>- (5.66)

We express Qn(¢) in terms of &(¢) with the following lemma.

Lemma 5.29. Let ¢ € Sec(R) with supp(qub) C [— L1 } Then

n—a’ n—a

|
—

a

(o) = 2721 -1 o) (5.67)

t

Il
o
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Proof. Given supp(a) C [—nia, ﬁ} and t <a—1,if |y1 4+ + Ynt| = |[Ynts1]l — - = yn| > 1,
then either at most ¢« < a —1 — ¢ of the y;’s in the first absolute value are nonnegative and the
rest are negative or at most ¢ < a — 1 —t of the y;’s in the first absolute value are nonpositive or
zero and the rest are positive. Moreover, the sign of y; + - - - y,—+ matches the second group. There

are ("i—t) ways to choose these indices and we introduce a factor of 2 from choosing the sign of

Y1+ - + Yn—s. Lastly, since <$ is even, we multiply by a factor of 2! to account for changing the
limits of integration over y,—¢+1,...,Yyn. Thus we have

7

G(0) = 2t+1/0°°---/0°°<5<y1>---q3<yn>

a—1—t
n—t
< . >X{y1+“'+ynit—ynit+1—'“—yn>1}] dyy - dyn
=0
a—1—t

= 2! z; (ni—t>§z’+t(¢)- (5.68)

Applying the identity
¢

S () = ()ne() - (a2 = (e oo

to ([5.66) gives

Qulo) = 2"*(—1)”222@(@2(—2?(?) (}2)) (5.10)

Switching the order of summation and setting 1 = ¢ — ¢ gives

Qulo) = 2"%—1)"?_2(—1?(?) [2”1 ; ("Z.‘t>@+t<¢>]. 5.7

Applying (5.68) gives the desired result. O

We complete the evaluation of Q,(¢) by computing & ().

Lemma 5.30. Let ¢ € See(R) with supp($) C [— L1 } Then we have

n—a’ n—a

&) = ¢"(0)
o0 RPN ~ R sin(2rx (1 + |z2| +--- + |2
_2/ / ¢($g+1)¢(3§2)/ (;5 Z(xl) ( 1( 22| ’ €+1|))d561--'d33g+1
—00 —00 —00 I
(5.72)
fort <a-—1.
Proof. We apply a change of variables given by
1 =1 Yy1=o1
T2 = Y1+ Y2 Y2 = T2 — T
Tt =Y00Y  Ynt=Tpt— Tnpa (5.73)

Tpn—t+1 = Yn—t+1 Yn—t+1 = Tp—i+1

In = Un Yn = Tn
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to (.65)), giving
/ / <Z5 x1)p 332 — ) é(xnff — ZTp—¢—1)

x ¢($n75+1> T ¢(‘rn)x{|l‘n—e|—(|$n—é+1|+~~+|:cn|)>1}dx1 e dy. (5.74)
Repeatedly applylng the identity f f )g(u —v)dv = f g( ) (which arises from the convolution
theorem) to gives
G(p) = / o | @) B(@n41) - BT X (ol (g |+t wa) 51} AT - AT
(5.75)
We rename x,_¢ to 21, T,—¢y1 to 22, and so on until z, to xyy1. This and the identity
X{ler|~(wzl+-+Hee D>1) = 1= X{ja1|<1+]eol++lzera]} (5.76)
gives
/ / 6" (21) () -~ Plaerr)(1 — X{Jer| <1 [za |+t [} 21 - dTega. (5.77)
Distributing and using the identity ¢(0 f d) )dx, we have that
?( = ¢n / / o Z (x1) .2132) (i(xg+1)X{‘x1‘§1+|x2|+..,+|x2+1|}dx1 coodTpyq. (5.78)

Fix z9,..., 2441 and set Se(x1) = sin(2mz1(1 + |z2| + -+ + |2e41]))/(2721). We have the identity

X{ler[<1+es 4o} (@1) = 250 (21), (5.79)

which follows from the Fourier pair

sin(2rAx) 1
_ - mrud ‘
5 /_Oo X{[u|<A}e u. (5.80)

Thus Plancherel’s theorem gives us that

&(g) = ¢"™(

~ RS sin 27z (1 + |zo| + -+ + |z
_2/ / Sxern)- ¢($2)/ 6" (21) (2mz1 ( |22 \ Z+1D)dml"'d$€+1
oo ues)
(5.81)
as desired. ]

Applying Lemma to (5.67)) and comparing with (1.14)) completes the proof of Proposition
0.2

APPENDIX A. PROOF oF LEMMA [B.1]

Proof. We begin by imposing a distinctness condition on the sum over primes in (2.40). Fix a
partition 77 = (ny,...,ny) of n, where 1 <ny <--- <nyand n; +---+ny = n. We want to write
p1--pn = ¢t ---q*. If the parts of our partition are distinguishable, then by the multinomial

theorem there are
n n!
e . A.1
(nl,...,ng) (nl')(ng') ( )
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ways to do this. Let r,(7) denote the number of values of i for which n; = x in the partition 7.
Because the parts of our partition which are the same size are indistinguishable, the number of
ways to write py---p, = ¢ -+ )" is

o (i7) = (nh " M) jlj ;' (A.2)

Thus we have that

o p E e = MGG (G

1<t<n @:= ('rz1, ,Tl() q1TN7 »(IM'N Jj=1
1<n1 < <ny q; distinct
ni+--+ng=n
X (AP (N)Af(qu)™ -+ Ap(qe)™), - (A.3)

Now that we have a distinct sum over primes, we want to apply the multiplicative properties of
Fourier coefficients given in Lemma We do some careful bookkeeping in the process. We will
sum over tuples . = (mq,...,my) which are admissible to a given partition 7. This means that
m; < ni, ny = m; (mod 2), and if n; = n; with ¢ < j then m; < m; . This last condition means
that we order the m;s for each fixed value of n;.

For some fixed 7, 7 with 7 admissible to 7, let s, (7, m) be the number of values of i for which
(ni,m;) = (x,y). For each value of z, the number of ways to order the indices ¢ for which n; = x is

75 (7)!
H;‘Czl Sz,5 (71, m)! .

(A4)

Define the auxiliary function
I & ri(71)!
T(1,m) = ; — (A.5)
112[ Hj:l s, (71, 11)!

and let ¢, ,,, be the coefficient of Af(p™) in the expansion of Af(p)™ (see (2.29))), so that

= tumAs (™). (A.6)
m=0

Note that t,, = 1 for all n. Expanding the Fourier coefficients with (2.29) and using (2.27)), we
have that

S5y NP
. \ﬁ =2 X > o) )
1<€<n f:=(n1,...,ng) m admissible to 7 q11N,...,qetN

1<n1 < <ny q; distinct
ni+--+ng=n

logg;\"™ ( 2logg; \"™ m m
;.M e —— N ... ¢ A.
XH( o ()" (88N ) Oy ). ()

We want to separate (7i,71) into a part with n; = m; and a part with n; < m;. Let i =

(n?,ng, ...,n’) denote the sub partition of 7 with n; > m;, and 7! = (n%,n%, . ,ng_w) denote

the sub partition of 77 with n; = m;. The analogous notation holds for m. Set an = n/, so that
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S nf =n—n/. We have that

NP n! ‘ 1
rmrm = I
= Ji
n! n'! noi 1 (n—n") 1~ 1
" nl(n—n)! A b'HHS‘ (11, m)! “ f |H3‘ (71, m)!
n ny i=1j=1 1,j 'y n Nyt =1 B\
ro !
n n'! T 1 (n—n)! "+ 1
- <n/> b b|HH s5.45(7°, )] “ i ri (7ih)!
n Mot 524 j=1 %I ) n Ny i=1

- <n/>a(ﬁb)r(ﬁb, o (7). (A.8)

Applying this identity to (A.7) and using ¢, , =1 and ng = mg gives

1’<\F = 2 2 ( >ﬂb > > O (VT (T Y s, s,

0<w<n 0<n’/<n :=(n},..,n%) M’ admissible to 7’

b b
1<n <...<nb, n;<my;
n?_i'_..._i'_ng):n’

n’ b
Iqu]> j( 2log q; )”1)
- H( (
ql*N7 7QW*N] 1 IOgR \/@IOgR

q; distinct

SR e {CCONCE DY

; At ot N,...po_ AN i=1
0<l—w<n—n' " =(niem ) PlJ[p. dis]‘zizné‘)j
1<ni<..<n} !
SNSSny, PiFq;
n§+--~+n§,_w:n—n’
b b ﬁ nt
my m —w
X </\f(NQ1 Gy “pl Doy )) - (A.9)
*

Arguing as in (A.3)), we have that

> S e Y ﬁ@(ii%)u(m)ﬁ)

l . (o f # P1tN,...,pe—WIN =1
nt.=(ny,...,n,_ e w
0<l—w<n—n' - Ej<1 _ ﬁ w) p; distinct
1—"1—"'—"l—w pﬁéqj

”§+"'+n§_w:n—n’
mbl m" nti ngfw
log pi 21log p; < " b
_ (NG oy - n_n,> , A.10
Z H < <]0gR> <\/27i10gR f( q; 4, “P1 p ) . ( )

P1N,..,pp, AN i=1
DiFqj

We apply to . In doing so, we remove the condition that 1 < nbl s < nZ as we are
no longer concerned with the ordering of our partition. We also relax the condition that m” is
admissible to 77’. We also suppress the b notation (as there are no more fs). Lastly, the first line of
is purely combinatorial, so we combine the combinatorial factors appearing in into the
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coeflicients C”l 7 appearing below. Thus we have that

sy =3 Y 3 3 o B (7, ) (A.11)

0<w<n 0<n/<n i:=(n1,...,nw) M:=(mi,...,my)
n;>1 m;=n; (mod 2)
ni+-4ne=n’  0<m;<n;

where each C7 - is some explicit constant only dependent on 7,7 and
logq; \"™ [ 2logq; \"™
El/ - - — J ]
(7, 7) Z H ( <logR VGjlog R

qlfN )(Nj 1
a; distinct

log pi 2log p; -
PUNeeesppy_ N i=1 logR ) \ /pilog R
PiF£q;

(A.12)

We want to remove the condition p; # ¢; from the sum over pq,...,p,—pn in (A.12)). We apply an
inclusion-exclusion process, subtracting off the terms where some p; = ¢;. We have that

E" (i, m) = E'(#,m) — Z > ChagE(ii+d i+ a) (A.13)
a=1 g= (alz ¢ w)
a; >0

ai1+--+au=a
where each C7/ j.a 18 some explicit constant only dependent on 72, m, d and
logg;\" [/ 2logq; \™
E/ —" 7)) — J J
@)= 2 H( (bgR) <¢q710gR

qQiN,..,qutN j=1
qj distinct

log pi 21og p; .
NGg™ - qmpy - pp_ )
’ 2 H ( <IOgR> <\/p710gR>> Ar(Ngy™ g1+ pnw)),,

plTNi Pp—n! TN i=1
(A.14)

The addition of vectors is taken component-wise, so that 74+ d = (ny + a1, ..., ne + a,). We apply
the inclusion-exclusion identity (A.13)) to each term E”(7 + @, m + @) appearing on the right hand
side of (A.13). Repeating this process n — n’ times, we find that

E"(it,m) = Z Y ChpaE (4 + a) (A.15)
a=0 a= (11, -Q w)
a;>0
a1+~~?+aw:a

where each C’, . - is some expllclt constant only dependent on 7, m, d. In particular, we have that

CL i L. Applying (A.15) to gives
> Z > > v B (7, ) (A.16)

0<w<n 0<n/<n :=(n1,...,nw) mM:=(M1,....,mMy)
n;>1 m;=n; (mod 2)
ni+-+ne=n’ 0<m;<n;
where each C7, . is some explicit constant only dependent on 7, .
We want to remove the distinctness condition from the sum over ¢y, ..., q, in (A.14)). We again
apply inclusion-exclusion, subtracting off terms where some of the g;’s are equal. First, we define
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a partition of a set S to be a set @ = {m,..., 74} where each m; C S is a nonempty subset of .S,
mi Ny = for every i # j, and (), <,<, ™ = S. We have that

E'(ii,m) = B(fi,m) - ) > E'(&,7) (A.17)
1<a<w-—1 7 partitions {1,...,w}
T={71,...,Ta}

where E(7i,m) is as in (3.2)) and for each 7 we have
T=(x1,...,2q), ;= an (A.18)
JET;
and
Y= (Y1, Ya)s Zm] (A.19)

Je™;

—

We apply the inclusion-exclusion identity (A.17) to each term E'(Z, %) appearing on the right hand
side of (|A.17)). Repeating this process w times, we have that

E'(i,m) = > > C=E(Z,7) (A.20)

1<a<w 7 partitions {1,...,w}
T=(T15yTax

where each C is some explicit constant only depending on 7. Applying (A.20]) to (A.16) gives the
desired result. ]

APPENDIX B. INCREASING SUPPORT FOR THE NON-SPLIT FAMILY

In this section, we prove Theorem Arguing as in Appendix E of [HMOT], we need to bound
terms of the form

B ) logg;\" [ 2loggq; \™ 1
E = 2 i3 il
(7%, 1) i Z 1;[ ( (logR> (@logR =em

q1,-9q0
q; dlstmct
o
S(m*,Q:Nb)  (4rmVQ

J B.1
8 bz_; No FU\T N (B-1)
where Q@ = ¢{" -+ qzn‘ and n; = m; (mod 2) for all j. Showing that these terms vanish as N — oo
for ¢ with supp¢ C (—%, %) completes the proof of Theorem These terms are very similar

to the E(7,m) terms introduced in Section (3| (see (3.4), for example), and we are able to evaluate
them in a similar fashion. We omit proofs as they are analogous to the proofs of the corresponding
lemmas in Section [3| which we refer to. We will eventually prove the following lemma.

Lemma B.1. Let E(ii,m) be defined as in (B.1). Under GRH for Dirichlet L-functions, if
supp(¢) C (—2,2), then E(ii,m) < N~ and thus does not contribute in the limit.

n’

First we restrict the sum over b as in Lemmas B.3] and [3.4]

Lemma B.2. Suppose supp(g?)) C (f%, %) Then the subterms of E(f,m) in - B.1) for which
(by,N)>1 are O (N~°).

Lemma B.3. Suppose supp(gg) C ( 19100, 1000). Then the subterms of E(7i,m) in - for which
b> N2922 gre O(N—12).
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Applying Lemmas [B.2] and [B.3| to (B.1)) gives

B ) logg;\"™ [ 2loggq; \"™ 1
FE = 2 il
o = ot S T1(5((25%) () ) > o

q1,--,9¢  j=1 m<N¢
q; distinct
S(m?, Q; Nb) 4tm~/Q e
(b,N)=1
b<N2022

We convert the Kloosterman sums to sums over Gauss sums as in Lemma 2.2

Lemma B.4. Let N be a prime not dim’ding b,Q,m. Then

S(m?, NQ; Nb) = Nb Z Gy ( (@)Y <(Qcioo)>. (B.3)

Applying Lemma to (B.2)) gives

— logg; \"™ [ 2loggq; \™ 1
E = -2 —
o =t 5T (5(3%) (@ogR P

q1;---59¢ ]_1 >
q; distinct
0o Q 47rm\/Q> e
Gy ( b T @] .
T SED i) 25, Al @R (@) 2 (TR ) +or)
b<N2022
(B.4)

Next, it holds that subterms involving non-principal characters in (B.4]) are negligible in the limit.
This leaves only subterms involving xo = Xo (mod Nb) for each b. It holds that G, (z) = R(x, Nb),
a Ramanujan sum.

Lemma B.5. Assume GRH for Dirichlet L-functions and suppose that Supp(qg) C (—%, %) Then
the sum over all non-principal characters in (B.4) is O (N~°).

This lemma corresponds to Lemma Applying Lemma to (B.4) gives

— o . logg;\"" [/ 2logq; \"™ 1
E = —_92 k J J -
) it 2 H( <logR> <¢q710gR> ) 2

q1;--,9¢  j=1 m<Ne€
q; dlstlnct -
m?, N R((Q,b®), Nb) Q trmy/Q
. Jpo1 | ————— O(NT9.
" Z Nbp(Nb) XO((Qbm)) ‘ 1( Nb >+ (V™)
b<N2022

(B.5)
Now, applying the bounds R(m?,Nb) < m*, R(z,Nb) < o(Nb), and J,_1(x) < z to (B.5) and
using the fact that suppqﬁ C (_E’ %), we find that the main term is absorbed by the error term,

completing the proof of Lemma [B

ApPENDIX C. PROOFS OF LEMMAS IN SECTION [B
C.1. Proof of Lemma
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Proof. We will consider each term appearing in ([5.36)) separately. First, define

gl(nvac’d) = (7;->7 92(n7f7cad) = (?:2>
—d —c—d
g3(n, f,c,d) = (TfL B d>’ ga(n, f,c,d) = (7} B 2 B d> (C.1)
and
i\"ls J 7d
Gitn, ) =21t Y (et S Led ©2)
P

We want to evaluate G1(n, f) — Ga(n, f) — Gs(n, f)+ Ga(n, f). We set £ = c+d to rewrite as

- - gi(n, f,c, 0 —c)
Gl 1) =20 a3 ) S A (©.3)

cl’

c=

To evaluate G1(n, f), we group the binomial coefficients to find that

o) =20 ()2 () 5()

=0

- 2(_1)n+1<?> g(—a)f@) = -2 G) (C.4)

Next, we note that Ga(n, f) = Gs(n, f). We have that

o =xr ()£ ()

/=0 c=0
_ g gy @z(f) g;(_ly@:;). (©5)

We reindex the sum by setting ¢/ = £ —c. Doing so, we see that sum over ¢ is zero unless n —c = 0.
However, in this case we have that (f; ) = 0 since f <n/2 < n. Thus each term vanishes and

Lastly, again grouping terms into binomial coefficients gives

o - (S ()

C

_ (g (’;) i(z)é(ﬁ). .7

£=0

We may restrict the sum in the last line to 0 < ¢ < f since f < n and (Jlf) = 0 when ¢ > f. Doing
so, we find the sum over ¢ is (—1)7 so

Gan.f) = 20171 (1). (©3)

Combining (C.4)), (C.6|) and (C.8|) completes the proof of the lemma. O
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C.2. Proof of Lemma [5.28l

Proof. We consider each term appearing in (5.59)) separately. First, define

ha(f. g, p1s pa) = (;) ha(f. g, pi1s pa) = <§:Zi)
h3(fvgnu'17,ud) = (f_glud>a h2(f797“1n“d) = <f_glilu_lud> (Cg)
and
! (~1)?
Hi(fag) = Z Z ﬁhi(.ﬂgaﬂhﬂd) (C.l())
d=1 - fpa=f s i
HiZ

for i € {1,2,3,4}. We will show that H;(f,g) = (—~1)f/g!(f — g)! independent of i, so that
Hy — H, — H3 + Hy = 0 as desired. For H; the result follows immediately from comparing
coefficients of 2/ in the identity (5.41)). For Ha, we pull out the u; term to get

!

_ f=m _1)d-1
Hy(f,g) = = . 1<f ”1) ) DID DI ey (C.11)

1\ g— L)
e WS RN A Y pb =l -1 M2t g
HiZ

Applying (5.41) and simplifying gives

Hy(f,g9) = — zf: 1<f—u1>(_1)f—m

ot \g —m (f = p)!

(=17
—9)!

J
o
= 2 G-l AT (€42

where the last step comes from restricting the summation to 1 < pu; < ¢ and using the binomial
expansion of (1 —1)9. We can show the result for Hs similarly. For Hy, we pull out the p; and gy
terms to get

it = X % ()Y > i e
ta=1p=1 d=1 M2+--~+Md—1>:1f—ul—ud
MiZ

Applying (5.41) and simplifying gives

o f-m 1 R— (_1)f*/11*/1d
Hilfg) = E::Mdz::l m!ud!< g—m )U—m—/ﬁd)‘
f f—nq
_ (1 (=1)Ha (=1)m
= le (f = 9 = pa) pa! le pl(g — )
A e (-1)f

S Tl ST (C4

where the last two steps come from restricting the summation to 1 < py < gand 1 < pugs < f—g
and using the binomial expansion of (1 —1)9 and (1 —1)/79. O
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APPENDIX D. BOUNDING THE ORDER OF VANISHING AT THE CENTRAL POINT

In this section, we follow the arguments of Section 6 of [HMO07] in order to bound the proportion
of newforms with negative sign whose order of vanishing exceeds a certain threshold r. While they
are conditional on GRH, our results surpass the best known conditional and unconditional bounds
established in [ILS99], [HMO07], and [BCDT20] when r > 5. We focus on the case r = 5, however
our results may be easily generalized the case when r > 5. Additionally, we study the 4*"-centered
moment as it provides the best bounds for the case » = 5, but utilizing higher moments provides
better bounds as r increases. Lastly, similar results may be obtained for the positive sign family.
See [DM22] for a more in-depth analysis, where the results of this paper are used to find excellent
bounds for vanishing to order r or more; specifically, for a fixed test function Dutta and Miller
determine what level density gives the best bound.

We utilize Theorem [I.2] with n = 4 and

sinroz 2 ~ 1l o
o) = () b - { 7 W< (D.1)

row 0 lyl > o.

This test function is likely not optimal in general for minimizing the n'"-centered moment, and
optimal test functions for the case n =1 and n = 2 are found in [ILS99] and [BCD™20]. However,
they are sufficient to surpass the bounds established in those papers. While Theorem requires
0 < 0.5 when n = 4, we may utilize the bounds given by ¢ = 0.5 by setting ¢ = 0.5 — € and letting
¢ — 0. Now, Theorem [I.2] gives

i (D(756) = (DU0)-)1)- = 3063~ R4, 20) = = 0.2)

Now, if a newform f with negative sign has order of vanishing » > 5 at the central point, then by
Theorem
5

D(fi6) = (D(fs0)- = 19(0) ~ (30)+ 300)) = r=5 = 3 (03)

Let Pr(r > 5) be the proportion of newforms with negative sign whose order of vanishing at the

central point is at least 5. Then (D.2)) and (D.3|) give

Pr(r > 5) (5>4 < % (D.4)

so Pr(r > 5) < (%)4 2 = 2~ 0.00756. [ILS99] and [HMO7] obtain upper bounds of o =
0.03125 and é ~ 0.02040, respectively, our results surpass both of these. As the order of vanishing
increases, our results are even better. For instance, taking » = 19 and n = 20, we find the proportion

of newforms with negative sign whose order of vanishing exceeds 19 is at most 2.86-1071%, improving
the upper bound 5.77-1076 given in [BCDT20] and the upper bound 3.29-10~3 implicit in [ILS99).
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