Discussion #34 4/27/26 — Spring 2026 MATH 54
Linear Algebra and Differential Equations

Problems

1.

(a)

Compute the Wronskian of the vector-valued functions
t t?
X = [J and X9 = {QJ .

t t?
1 2t

Solution: We have

W[XhXQ](t):‘ =12t —t? = 2> — 12 = ¢°.

Are x; and X linearly independent on (0,1)? On R?

Solution: We have W(xy,X5](t) = 0 if and only if ¢ = 0. Thus are vectors are
linearly independent on every interval in R since we always have some ¢y, € I such
that

Wxy, Xa(to) # 0.

What conclusion can you draw about the coefficients in a system of homogeneous
differential equations satisfied by x; and x5?

Solution: The coefficients are not constant because the linearly independent solu-

tions are not of the form

Ve)\t

where v € R2.

Find a system of homogeneous differential equations satisfied by x; and x, and
verify your conclusion in part (c).

Solution: Consider

Alt) = [Q/tg —2/1]
- a0x0 = |0 ol B = o] =%
B 3001 o N
To find A we have a couple of options:
1. Grace.

2. Brute force.



Grace: We want

SO
t ¢ 1 2t
AlD) - [1 2751 a [0 2] '
Now
120 [t 2]
Alt) = 0 2| {1 Zt}
2] 1] 2 =
S0 2] 2|-1 1
2] o2 -1
S0 2] |-/ 1/
[ o 1
2/ =2/t

Brute Force: Assume

c(t) d(t)
then
{a(t) b(t)] _ H ~a(®) -t +0(1) 1} _
ct) d)| 1] T |e@) - t+dt) -1
while

) o) = 1 a6 3

From the first rows of each vector equation we have

1
2t

a(t) -t +b(t) -1
a(t) - 2+ b(t) - 2t

and so we can let

a(t)=0 and b(t) = 1.

From the second rows of each vector equation we have

c(t)-t+d(t)-1=0
c(t) - +d(t) -2t =2
then for t # 0
c(t) = —@ and c¢(t) = %;d(t)



and so

—td(t) = 2 — 2td(1)
(—t + 2)d(t) =2
) =7

while

This gives
0 1
A) = {2/1&2 —2/15] ‘

2. Part of a mixing device consists of two tanks connected by pipes. Suppose that initially,
tank A contains 2 gallons of water with 1 pounds of salt dissolved in it, and tank B
contains 2 gallons of pure water.

Suppose that the mixer pipes fluid from A to B at the rate of 1 gallon per minute, and
another pipe takes fluid from B to A at the same rate.

(a) Set up a system of two first order equations and find the amount of salt in each
tank as a function of time.

Solution: Let z(t) and y(t) denote the amount of salt (in pounds) in tank A and
tank B, respectively, at time ¢ (in minutes), then it follows that

Each tank contains 2 gallons of liquid, and fluid flows at a rate of 1 gallon per
minute in both directions where

(1) = (1) + (1)
(1) = 5o(t) = 5u(0)
This gives the system
x = Ax
where Ao o )
- { 1/2 —1/2] and - x(t) = [y(t)} '
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We have

B —1/2 -\ 1/2
det(A—)\I)—det{ 1/2 _1/2_/\}
1 21N
(-
2 2
1 1
=N A+ =
+ +4 1
= A+ )
=AA+1)
and so our eigenvalues are A = 0 and A = —1.
Case A = 0: We have
o -1/2 1)2 1 -1
A_OI—[ 1/2 —1/2] - [0 0]

and so

o]

is an eigenvector corresponding to eigenvalue —1.
With A symmetric we know that any eigenvector for A = —1 is orthogonal to (1, 1),
so we can pick
-
Vo=

2(t) = c1e” — et = — et

Our general solution is

y(t) = c1e” + coe™t = ¢ + cpe
From the initial conditions we can solve for ¢; and ¢y
z(0)=c —cp=1
y(0)=c1+c2=0

H TR R R R

1 1
=3 and 0 =—3.

and so

tells us

The particular solution is



(b) Will tank B ever have more salt than tank A? What happens to the two tanks as
t — 007

Solution: We want to figure out if

z(t) < y(t)
for some ¢t > 0. Notice that
1 1
56 t > —56 t
so it follows that
z(t) > y(t)

for all £ > 0. Thus tank A is always saltier than tank B. As t — oo,

N[ —

1
x(t) — 5 and y(t) —
so the two tanks both stabilize to having 1/2 pound of salt each.

3. Find the real-valued general solution of the system

x'(t) = Ax(t)
for
-2 =5
-3
Solution: We have eigenvalues
—-2-X =5
det(A—[)\)_’ 1 2_)\‘
=(-2-XN2-XN)—(-5H)-1
=—4+X+5
=M+1
=(A+1i)(A—1)
of +1.
Case A =1i: We

o [—2-i 5] 12—
A‘”—{ 12—4“{0 J

tells us an eigenvector corresponding to 7 is
v — —241
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(Your eigenvector may look different if you choose its first component to be a R-valued.)
An eigenvector for A = —i is therefore

[

so our general solution is a linear combination of

[ et [ = [0 0]

and

{_ﬂ sin(t) + || cos(t) = [Cos(t) _QEEZH .

We can express this as

{—2 cos(t) — sin(t) cos(t) — 23111(15)1 . {cl] '

cos(t) sin(t) Co

4. Solve the following differential equations:

(a) v =3y
Solution: We separate variables
1
—dy = 3 dz,
Y
integrate both sides
In|y| =3z + C,
then solve for y
y = 63x—|—C
y = Coe™
where Cj € R.
(b) ¥ =y
Solution: We separate variables
1
—dy = x dx,
)

integrate both sides

1
In|y| = 5562 +C,
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then solve for y

y = e1/2952+c
y = 0061/2:1:2

where Cjy € R.

(©) ¥ +(@—0)y=0
Solution: We separate variables

1
gdy = (0 — x) duz,
integrate both sides
In|y| =0z — %xQ +C,
then solve for y
y = eam—%xQ—&—C
y = Coeom—x2/2
where Cj € R.
5. Evaluate the following partial derivatives:
(a) % (2%y + cos(y)e® — 2sin(z))

Solution: We have

B (2y + cos(y)e” — 2sin(x)) = 2xy + cos(y)e” — 2 cos(x).

() g eostea))|

Solution: We have

5 (cos(tx)) = —sin(tx)z

and so 5
5 (cos(tx)) . = —sin(0)x = 0.
0
(c) 9y (z+3)
Solution: We have 5
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(d) 6% (y® — 3cos(2y))

Solution: We have

% (yg -3 008(2?/)) = 3y* + 65sin(2y).
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