Discussion #33 4/24/26 — Spring 2026 MATH 54
Linear Algebra and Differential Equations

Problems
1. (a) Show

where ¢, co € R satisfies

Solution: We have

ol - b1
[i ﬂ X = 30 H & M

since the functions e and et are scalar-valued.

i)

Solution: As shown in (a), the eigenvalues are 3 and —1. One can also show

while

Thus

(b) Find the eigenvalues of

‘1—)\ 1

4 1_/\‘:(1_)‘)(1_>‘)_1'4:()\—0—1)()\—3).

(c) Explain where the solution in (a) came from.

Solution: We take the eigenvector for each eigenvalue A, and then rescale it by the
function e, and then add up all of the terms

x(t) = c1vieMt + covee 2t

(d) Find ¢; and ¢ such that

Solution: We have

x(0) = ¢ H e+ [_ﬂ = H e [—ﬂ - m



SO
1 1|1 1 1] 1 1 0]3/4
2 21 0 —4|-1] [0 1|1/4

tells us

2. Consider the second order differential equation y” + 3y’ + 4y = 0.

(a) Let 1 = y and xo = y'. Rewrite the equation as a system of two first order
equations in the two functions x; and .

Solution: We have
, —_
xy = T

x; = —4x; — 314

(b) Show that the system in (a) can be written as x’ = Ax, where

_ |7 10 1
X—li and A—[_4 _3]

Solution: This follows immediately from (a).

(c¢) Show that the equation 3" 4+ 2y” — ¢’ — 2y = 0 can also be written as x' = Ax,

where
T 01 0
X = |T9 and A= 1|0 0 1
T3 2 1 -2

Solution: We let

/ "
I =Y, T =1, and T3 =Y

then
.T/l = T2
Ty = T3
xy =221 + g — 213
SO
Ty 0 1 0
X = |z and A=1]0 0 1
T3 21 =2
3. Write

(1-¢)y" =2ty +2y =0
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in its normal form.
Solution: Let 7 = y and x5 = 3/ then
] =
Ty =

SO

4. Consider the vectors

BT

X2

9 9
T

(a) Compute the Wronskian of x; and xa.
Solution: We have

t et

Wixxlo)|) 5,

(b) Are x; and x3 linearly independent on R?

=t-2t—¢e - 1=22— ¢

Solution: The vectors are linearly independent on R. since

2.12-¢<0

and thus Wx;,xs|(t) # 0 for some ¢t € R.

5. Define x;(t), x2(t), and x3(t), for —oo < ¢t < oo, by

sin(t) sin(t)
x1(t) = [sin(t) |, =xo(t) = 0],
0 sin(t)

x3(t)

0
= |sin(?)
sin(t)

(a) Show that for the three scalar functions in each individual row there are nontrivial

linear combinations that sum to zero for all ¢.
Solution: In the first row consider:
X1 — X9 + X3.

In the second row consider:
X1 + X9 — X3.

In the third row consider:
X1 + X9 — X3.
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(b) Show that, nonetheless, the three vector functions are linearly independent. (No
single nontrivial combination works for each row, for all t.)

Solution: Assume sin(t) # 0, then

1 100 1 100 1 0 1]0 1 0 0/]0
1010 ~(0 -1 1|0[~]0 1 =10~ {0 1 00
01 1]0 0O 1 10 00 20 0 0 1]0

tells us the column vectors are linearly independent on R.
(c) Calculate the Wronskian Wxy, Xa, x3)(%).

Solution: We have

sin(t) sin(t) 0

: . _in 0 sin(t)] <in sin(t) sin(t)
suB(t) sir?(t) ZEE;; = sin(t) sin(¢) Sin(t)‘ ®) 0 sin(t)‘
sin(t) 0
+0- 0  sin(?)
= sin(t)(0 - sin(t) — sin?(¢)) — sin(¢)(sin*(¢) — 0)
= —2sin’(t).
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