Discussion #31 4/20/26 — Spring 2026 MATH 54
Linear Algebra and Differential Equations

Problems

1. Answer the following true or false:
(a) The functions y;(t) = e* cos(ft) and ya(t) = e sin(ft) are linearly independent.
Solution: True:
Direct Approach: Choose k£ € R such that

e cos(Bt) = ke sin(3t)
for all t. Then
cos(ft) = ksin(ft)
for all t. If t = 0 we have
1=0

and this cannot hold. It follows that the functions are linearly independent.

Wronskian Approach (This only works to show linear independence on R if the
Wronksian is nonzero at one point in R.): We have

Yy (t) = ae™ cos(Bt) — Be* sin(Bt) = e (acos(Bt) — Bsin(Bt))
yh(t) = ae® sin(Bt) + Be* cos(Bt) = e (asin(Bt) + Bcos(Bt))

and so

e cos(t) e sin(5t)

Wy 92l(8) = | ot cos(8E) — Bsin(B)) e (asin(Bt) + B cos(Bt))

In particular

Wiy 3e)(0) = | S| =140

immediately shows the functions are linearly independent because we showed the
Wronskian is not identically 0. If instead, we compute the Wronskian for all ¢, we
find

_ 2at cos(f3t) sin(f3t)
Wiy, y2](t) = e acos(Bt) — Bsin(Bt) asin(ﬂt)+5008(5t)‘

= €2 (cos(f8t) - (asin(Bt) + Bcos(Bt)) — sin(Bt) - (acos(Bt) — Bsin(Bt)))
e*" (asin(Bt) cos(Bt) + B cos®(Bt) — asin(Bt) cos(Bt) + S sin®(5t))

= e** (B(cos®(Bt) + sin’(Bt)))

= e

#0



for all £. Either way, the two functions are linearly independent on R.

Remember, if we have a Wronskian that is identically zero for all ¢, and we do
not know if the functions form a fundamental solution set for some nth order lin-
ear differential equation, we cannot assert linear independence. The situation is
ambiguous.

The polynomial r* — 2 has precisely two distinct roots.

Solution: False: The polynomial
a0

has 4 distinct roots over C, two of which are real.

The functions
y1 =tsin(t) and yp = cos(t)
are linearly independent.

Solution: True:
Direct Approach: Choose k € R such that

cos(t) = ktsin(t)
for all t. Then for ¢ = 0 we find
1=0

and so no k can exist. Thus the two functions are linearly independent.

Wronskian Approach (This only works to show linear independence on R if the
Wronksian is nonzero at one point in R.):

We have

Y (t) = % (tsin(t)) = sin(t) + t cos(t)
(1) = — sin(t)

gives us

Wiy, yol(t) =

tsin(t) cos(t) ‘
sin(t) + t cos(t) —sin(t)

and notice that
W[?Jhyz] (7T/2) =

W{Q _01‘ =-—7/2#0

immediately shows the functions are linearly independent because we showed the
Wronskian is not identically 0. If instead, we compute the Wronskian for all ¢, we
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find

t sin(t) cos(t)

Wiy v](t) = sin(t) 4+ tcos(t) —sin(t)
= tsin(t) - (—sin(t)) — cos(t) - (sin(t) + ¢ cos(t))
= —tsin’(t) — cos(t )sm( ) — tcos(t)
= —t(sin®(t) 4 cos?(t)) — cos(t) sin(t)

—t -1 — cos(t) sin(t)

= —t — cos(t) sin(t)

and so again
Wiy, y2](m/2) # 0.

Either way, the two functions are linearly independent.

2. Find a particular solution of:
(a) v + 4y = 323
Solution: Our homogeneous solution will not have a solution of the form
yp, = 3a°
since our characteristic polynomial
r? 44
has imaginary roots. Then

Yp = Aqzd 4+ Agx® + Ay + Ay
y; = 3A3I2 + 2A2[E + Al,

and so

yp + 4yp (614337 + 2142) + 4(143.%‘ + AQZ’ + Alx + Ao)

= 325,
Then it follows that
4140 + 2A2 == 0, 4A1 + 6A3 - O,
4A5 =0, 4A5 =3
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and

402 0]o0 10 1/2 0]0
04060 04 060
00400/ o0 40]0
000 4[3 00 0 4|3
10 1/2 0]0
01 0 3/2/0
oo 4 o0]0
00 0 4|3
(100 0]0
010 320
“loo1 0/0
000 43
10 0 0 0
010 0|-9/8
“1oo0o 10 0
00 0 1| 3/4

gives solution As = 3/4, Ay = 0, Ay = —9/8, and Ay = 0. Hence a particular
solution is

y" + 4y = cos(z)

Solution: Our homogeneous solution will not have a solution of the form
yn, = cos(z)
since our characteristic polynomial
r? 44
has imaginary roots r = +2i. Then

y, = Acos(z) + Bsin(z)
y, = —Asin(x) + B cos(z)
y, = —Acos(z) — Bsin(x)

gives

y, + 4y, = —Acos(x) — Bsin(z) + 4A cos(x) + 4B sin(x)
= 3Acos(x) + 3B sin(z)

= cos(x)
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and so
A=1/3 and B=0.

Hence a particular solution is
1
() = 5 cos(a).
(c) y" + 4y = cos(2x)

Solution: The term
cos(2x)

is a homogeneous solution and and we should not use it as our guess for the par-
ticular solution. All we have to do is rescale cos(2x) by x® where s = 1,
yp, = Az cos(2x) + Bxsin(2x)
y, = —2Axsin(2r) + Acos(2x) + Bsin(2x) 4 2Bx cos(2x)
y, = —4Asin(2x) — 4Ax cos(2z) — 4Bw sin(2x) + 4B cos(2x)
= —4(sin(2z)(A + Bzx) + cos(2z)(Az — B))

then

y, +4dyp, = —4(sin(22)(A + Bx) + cos(2x)(Azx — B)) + 4(Ax cos(2z) + B sin(2x))
= —4Asin(2x) + 4B cos(2x)
= cos(27)
Thus
A=0 and B=1/4
so a particular solution is

yp(z) = ix sin(2x).

3. Find the general form of a particular solution, but do not determine the values of the
coefficients, of:

(a) ¥ +2y +y=e"+ cos(t).
Solution: With a repeated root of t = —1 in our characteristic polynomial

r2+2r+1

we choose rescale et by t® where s = 2 in our guess for the particular solution.
Thus
y, = At?e”" + Bcos(t) + C'sin(t)

where A, B,C € R.
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(b) y™ + 5y" + 4y = sin(x) + cos(2z)

Solution: Our characteristic polynomial is
5+ 4=+ 40+ 1)
and so our homogeneous solution is of the form
yn = c1 cos(x) + cosin(x) + c3 cos(2x) + cqsin(2z).
Then since both sin(x) and cos(2z) are in the homogeneous solution, we choose
yp, = Az cos(x) + Brsin(x) + Cz cos(2x) + D sin(2z)

as our particular solution form.
(¢) y™ —2y" +y = 2” cos(x)

Solution: Our characteristic polynomial is
rt—2rP 1= (r—1)>*r+1)?
and so our homogeneous solution is of the form
Y = c1€° + coxe” + cze” 4 cyxe” ",
We have a 2nd order polynomial multiplied by cosine. This means we use
yp = (Ao + Arz + As2”) cos(z) + (By + Biz + Byr?) sin(z)
as our particular solution form.
4. Solve the initial value problem
' +4y =2z, y(0)=1, and ¢'(0)=2.
Solution: Our characteristic polynomial is
r? 44
and so our homogeneous solution is of the form
yn = c1 cos(2x) + co sin(2z).

Then
yp = Ao + A1z

is our guess for the particular solution. Notice

y,=Ar and gy, =0
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implies
Yy, + 4y, = 440 +4A; = 22

and thus
Ap=0 and A;=1/2.

Thus our general solution is

y = ¢ cos(2x) + o sin(2z) + g

and
y' = —2¢18in(27) + 2¢9 cos(2z) + 1/2
gives
y(0) =1 =1
y'(0) =2co+1/2 =2.
Thus

cg=1 and ¢y =3/4
and our solution is

3
y = cos(2x) + 1 sin(2x) + g
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