Discussion #24 3/30/26 — Spring 2026 MATH 54
Linear Algebra and Differential Equations

Problems

1. What can you say about the least squares solution of Ax = b when b is orthogonal to
the columns of A?

Solution: If b is orthogonal to the columns of A, then the projection of b onto Col(A)
is 0. The least-squares solution x of Ax = b is Ax = 0.

2. Answer the following True or False. Justify each answer.

(a) If b is in the column space of A, then every solution of Ax = b is a least-squares
solution.

Solution: True: We cannot minimize any further. In other words, there is no
need to do least squares because we already have a solution.

(b) The least-squares solution of Ax = b is the point in the column space of A closest
to b.

Solution: False: The least squares solution X lies in the domain, not the column
space of A (which is the range of A).

(c) A least-squares solution of Ax = b is a list of weights that, when applied to the
columns of A, produces the orthogonal projection of b onto Col(A).

Solution: True: That is how we construct the solution.
(d) If x is a least-squares solution of Ax = b, then x = (AT A)~1ATb.

Solution: False: This does not hold if A’s columns are linearly dependent.

3. Find the least squares solution Ax = b where

-5
and b= 8
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Solution: We have
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AA_[8 10], Ab_[_Q}
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Let

3 4 11 5 5
A=1-2 1|, b=|-9|, u= [_1} , and Vv = [_2}
3 4 5

Find Au and Av and compare them to b. Will u be a possible least squares solution of
Ax = b?

Solution: Notice

11 0
Au= |—-11|, b—Au= 2
11 —6
7 4
Av=|—-12|, b—-Av= 3
7 -2

Here |b — Au|| > ||b — Av|| = v/29, so u cannot be the least squares solution.

. Use the factorization A = QR to find the least-squares solution of Ax = b where

2 3 2/3 ~1/3] 1y - 7
A= |2 4| = [2/3 2/3{ } b= 3
L 01

1/3 —2/3 1

Solution: We have
Rx = QTb

where
o= [ 35 3| - 154

We row reduce [R ] QTb] and see

o 5|5~ o 3] 5] ~ Lo 2] S
thus . {23?18} |

. Suppose A € R™*" with n linearly independent column vectors and b € R™. Use the
normal equations to find a formula for

Projcoi4)(b) = be
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Solution: We have
b, = Axy = A(ATA)_IATb.

Note A~! need not exist, so we cannot reduce further.

7. Find the equation of the line y = mz + b that best fits the points (—1,—1), (1,0), and
(2,4) in the least-squares sense by following these steps:

(a) Write down the (inconsistent) system of three equations in two unknowns for this
problem.

Solution: We have

-m+b=—1
m+b= 0
2m+b= 4
(b) Rewrite the system as a matrix equation Ax =y, where x = [Trg] What are A
and y?
Solution: We have
-1 1 - —1
A= 1 1], X:lb:|, y = 0
2 1 4
(c) Find AT and form the equation A7 Ax = ATy.
Solution: It follows that
-1 1]
-1 1 2 6 2
A1
1 1 1 2 1] 2 3
and -
11 2] |} 9
T, _ |~ _
Ay—{111} 2_[3}

(d) Since the columns of A are linearly independent, AT A is invertible. Find (AT A)™!
and use it to solve the equation in part (c).

=[5 =L

Solution: We get
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and so . ) /
AT L3 =209 121 13/2
x=(474) Ay14[—2 6“3114{01{0]
(e) What is the equation of the line that best fits the given points?

Solution: The line of best fit is

Midterm review

Let’s recall some of the things we did before spring break.

2 3
1. Let A= [3 2}.

(a) Find the eigenvalues of A and a basis for each eigenspace.
(b) Diagonalize A.
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